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HEONPEBEHU UHTErPAJ (HN)
F:(a,b) — R je npumumusna Pynryuja 3a f ako je
Vz € (a,b) F'(z) = f(x)
/f(x)dw ={F | F je prim. funkcijaza f} ={F+C, C € R} =F(z)+C
1 anrl

n+1
T

sinx | ¥ | —e™"

F arctan z ‘ Inz ‘
T T

/ 1+ 22 x

x
CBaka HenpekuaHa (GpyHKOMja MMa IPUMUTUBHY

X —T n

COS T € e

[IpuMuTyBHA QyHKIUja ejleMeHTapHe (yHKNUje HE MOpPa
out; enemeHTapHa (QyHENUja. Ha mpumep, 3a dpyHKIUIjE

sinx e 2 .9
T , T —, xTH—e ', zrsinz

T T

OIPUMUTUBHE QYHKINje HUCY ejJeMeHTapHe



3BUPKA, 3A1.10, CTP.73

3a ¢yHEIUjY f:z— OPEeINTU NPUMUTHUBHY F 3a KOy

je F(1)=mx.

14 22

Peweme.
Jenna mpmMuUTUBHA je arctanz

Cgryn cBUX NpuMUTUBHUX je {arctanz + C, C € R}

3
N3 ycaosa arctanl+ C =7 caenu C = Zﬂ

3
F(z) = arctanx + Zﬂ



3BUPKA, 3A.4, CTP.73

Onpenuty 6ap jeqHy NPUMUTUBHY (QYHKIU]Y 3a (QYHKIU]Y
fa— el

Peweme.

e‘zl _ GI, QCZO
e ", z <0

3a z >0 npuMuUTUBHE Cy e + A, A€ R
3a z < 0 OIpUMUTHUBHE Cy —e *+ B, BER

3a r € R upnMuTuBHA (yHKNUja F Mopa OuTu
mudeperujabunaa (qakiae, U HeIPEKUAHA) y TadYKU z = 0

Ha npumep,

Flz) e’ —1, x>0
xTr) =
—e T4+ 1, <0



Iokazatu ga cy F:zw— In(z+ Va2 +22) (a#0) 1
G:z—In(z+ Va2 — 2) (z > a > 0) IpUMUTUBHE (YHKIHTjE 3a
1
HKIje f: x»—>7 Ug:z—
Dy HKIIH] JoTa

22 + a2 22 — a2

Pewemwe.

1+2\/$2+ﬁ Va4 al+tax 1 B 1
T+ Va2 +a? Va2 +a? z+vVrZ+a2 Va2 +a?

Canuno je u G'(x) = g(x)

Flx) = = f(z)

YBpctutu y TabinyHe =1In(z + V2?2 £ a?)

' dx
/ Va2 +£a?



CBOJCTBA MHTEI'PAJIA

/ k- f(z)de =k- / f(z)dz (xoMoreHnocr)

/ (f(z) + g(x))dx = / f(x)dx + / g(z)dr (amuTUBHOCT)
/ ici fi(z)de = Zj;c / fi(z)dz (muHEApHOCT)

Hanasxkeme unterpasna — Tabauna + cBojcTBa



3BUPKA, 3A1.14, CTP.74
—1)( +2
Peweme.

L3 1 1 21 2 1
f@) = 5@~ +2x_2):§x_5+3';_g'p

. 1 d
3a a# -1 je /xo‘dx:ﬁxaﬂ—l—C, /?x:ln|x|+0

11 ~1
I = - =2 g+ e -2. =
5 % Tgrtghllog 40
1, 1 2
= 22— Zg+2] 2. l4c
0% “srtghleltg ot



3BI/IPHA, 3AI.15, CTP.74

f@) = g0 1= [ Fla)de =

Pewemwe.

2+1-1 2 +1 1 1
f(x): 2 = 2_ 2:1_72
1+ 1+ 14+ 1+

d
/71: = arctanz + C
1+ 22

I =2 —arctanx + C



6] 3BUPKA, 3A1.16, CTP.74

flx) =tan’z, I = /f(:r)dx =?

Peweme.
sin? x 1—cos?zx 1
fz) = 2. 2 = 2
cos? x cos? x cos? x
dx
/ 5— = tanx + C
cos? x

I=tanz—2+C



3BUPKA, 3A.18, cTP.74

1
f@) = g 1= [ fla)da =2
sin® z cos? z
Peweme.
(@) sin x + cos? z 1
Xr) = frng
sin? z cos? z cos? x
d
/ - ;E =—cotx+C
sin® x

I =tanxz —cotx + C

1

sin

2

T



1
" 2a

a+xr+a—zx

(a—z)(a+z) 20 (a—x)(a+a)

1

%

1

%

dx

YBpCcTUTH Y TabIUYIHE

1 1 dzr
+

a—xr 2a a-+zx

1 1 dx

a+x 2a x—a

1 d 1
b T _ r+a L
at+zxr 2a r—a 2a —
" dx 1 T+ a
—— =—1 C
/ 2—22 2 z-a *




1
flz) = (1 — )1+ 22’ /f Ydx =7

Pewemwe.

1+a22+1—22

f(x) =

1 dx
I==-[| ——
2/1—362+

1 1
2 (1-22)(1422) 2 1—2a2

1 dx 1
— [ ——==-In
2 1+ 22 2

1 +1 1
2 1422

r+1
x—1

1
‘ + §arctanx+C



3AMEHA IIPOMEHJbUBE

Axo je
/f(:r)d:c = F(z) +C,
Tama je
[ Hu@)dua) = Fu@) + ©
Ha npumep,

n3 /d—x = In|z| + C mmamo /du(m) =ln|u(z)|+C
us3 /dix = arctanz + C IMaMO / du(z)
1+ 22

TTui(m) = arctanu(z) + C



1
a2+$2

o e

1 T
Ilakmge, I = —arctan = + C
a a

fz) =

Pewemwe.

(a #0), I:/f(x)dx =?

dx

U,2+ZL'2

YBpcTuTU Yy TabIUYHE /

1
= —arctanu + C
a

T
—arctan — + C
a



F@) = s

a® —x

= (a>0), I:/f(x)d:v:

Pewemwe.

du

.z
Ilakmae, I = arcsin =+ C
a

dx
2

. X
YBpctutu y TadbauvHe / = = arcsin — +C
a

a® — &

= arcsinu + C



3BUPKA, 3A.18, CTP.74

f(z)=tanz, I = [ f(z)dx =7
Peweme.

=[RS [ e

d
[:,/ﬁzfln\uprC:—1n|cos:c|+C’
u




3BUPKA, 3A1.35, CTP.74

@) = sin 2x /f Jdz =7

1+sm x’

Peweme.
/f dx_/251na:cosmdm:/d(l—i—s}fx) _ [du
l—l—sm x 1+ sin“x (7

d
I:/;u:ln\u|+0:1n(1+sin2x)—|—0






[

Pewemwe.

1 1 1
I:—/Sind(> :—/sinudu:cosu—&—C:cosf—l—C’
z \z T



3BUPKA, 3A1.38, CTP.74

f(z) =sin® zcoszdx, T = /f(ac)dx =7

Peweme.

/f(x)dx = /sin3 xd(sinz) = /u3du

1= [wdu=tut o= o
B T



3BUPKA, 3A1.38, CTP.74

7— / arctar12a:dac 9
1+ 22

Pewemwe.

1 1
I= /arctan2 zd(arctan x) = /quu = §u3 +C= 3 arctan® z 4+ C



3BUPKA, 3A1.43, CTP.75

I:/ﬂ:f;
14 24

Pewemwe.

I—l/ d(z?) _1/ du
2/ 1+ (@22 2) 142

1 1
=5 arctanu + C = 3 arctanz? + C



3BUPKA, 3A1.46, CTP.75

3
[ A
V1—28
Pewemwe.

1 du

1 1
—arcsinu + C = 1 arcsinz* + C

Izl/ﬂ: _
1) JI-@yr 4) Vi 4



3BUPKA, 3A.47, CTP.75

:/:E(Cix—x):?

Pewemwe.

fm /\/1—7 /m

I = 2arcsinu + C = 2arcsin/x + C



3BUPKA, 3A1.45, CTP.75

I:/ dr =
a?cos?x + b%sin“x

Pewemwe.
I—/ dx _i/ d(tanz) 1 E/ d (% tanz)
cos?z(a® 4+ b2 tan’z) @ ) 1 4 (& tana:)2 a> b) 14 (gtanx)z

1 du 1 ‘ Lc 1 ¢ btanx Lc
=— | — = — arctanu = — arctan
ab ) 1+u2 ab ab a




METOOA CMEHE

o(t), ¢ - mupepernujadbuIHA

/f dm—/f / (B)dt = G(t) + C = Gl (@) + C

(r) = G(¢~Y(z)) ako mocroju ¢!



3BUPKA, 3A1.61, CTP.75

f:/ﬁudfw)

Peweme.

r=1"=9(t), vVe=13, Yz =1t de==6tdt, o' x— Jx

5 2 1 2
I:/ 6t5dt :6/tdt:6/ +tdt_6/ dt
t3(1 4 t2) 1412 1+t 141¢2

I =6t — 6arctant + C = 6(/z — arctan v/z) + C



23]

I / dx
) QO tae
Pewemwe.

x=1t% de=2dt t=+x

2tdt dt
I:/(1+t2)t:2/1+t2 = 2arctant + A = 2arctan\/z + A= F(z) + A

v =1/t* dr=-2dt/t?, t=1/\/z (apyra cMmeHa)

dt 1
I = —ZW = —2a1“ctant—|—B = —Zarctanﬁ +B = G(.r) + B
1
F(x) = G(z) + C, O@HOCHO 2arctan y/r = —2arctan 7 +C
x
Baz=1: 2- % =-2.7 +C, C=n Ilakne, Bayku je THAKOCT

1
arctan \/z + arctan —

N3

4
_r
T2



3BUPKA, 3AI.64, CTP.76

I dx
221 + 22
Pewemwe.
t?+1
r=1/t, dv = —dt/t?, 1 +2*> =1+1/t* = =

I__/@ et tdt
VA V1Ft2

1 [d(1+t?)
I=—= =—\V1+t24+C=—\/1+1/22+C
5 T +12+ +1/x22+




3BUPKA, 3AI.76, CTP.76
I:/\/a2—x2daz, a>0

Peweme.
x =asint = ¢(t), ¢ - HA (—7/2,7/2) UMa MHBEP3HY (MOHOTOHA j€)

1 . T
@~ ix v+t =arcsin —
a

2
I:/\/a2—aQSin2t-acostdt:a2/cos2tdt: %/(1+cos2t)dt

2 2

1
Iz% <t+2sin2t> +C = %arcsinf—l—g\/a?—xz—&—C
a



CMEHA ¢(x) =t
Axo je f(x) = g(¥(x)), Taga cMEHOM (x) =t IMaMO
[ o= [ gtwiniz = [ owawe) = [ nea = e+

Ilakae,



I= /ee’“zda:

Pewemwe.



3BUPKA, 3A.71, CTP.76
7= / cos(lnx)dx

Peweme.
Y(x)=Inz =t, de/x=dt

d
I:/cos(ln:z:)?x :/costdt:sint+0:sin(lnx)+0



Peweme.
dt
PE)y=1+e"=t, e*=t—1, x=In(t—1), dxzm
dt t—(t—1) dt dt
I= = dt= | — — [ —=In|t—1] —In|t
/t(t—l) / tt—1) /t—l ;= 1l=hig+0

e,’l)

1+e®

+C

I=1In



3BUPKA, 3AI.74, CTP.76

I:/ ! 1n1+xd;v

1—22 1—2

Peweme.

1+ 1+z l—2 1—z+(1+2)
In =t, d|In = at, :

1—z 1—x 1+ (1—2)?

1 1 2 1 1+=x
=z = . =Z1n?
I /tdt 53 4n1_x+C

do = dt, —— =



3BUPKA, 3A.75, CTP.76

arctan \/z
[= [ Blamve
Vr(l+x)
Pewemwe.
arctan v/x = t, d(arctan+/z) = dt e dt
- N N

I:/t-th:tQ—i-C:arctarP\/ﬂE—l—C
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CAIPAKAJT

1. Merona mapiujaJgHe WHTETpallje

2. NHTerpanuja panuoHaJHUX (QYHKIUja



METOOA TTAPIIMJAJIHE MHTEI'PAIIMJA

d(uv) = udv + vdu

d(uv) /udv—l—/vdu
/udvzuv—/vdu

Kopcuru ce 3a /x” {lnz, e, sin ax, cos ax, arcsin ax, arctan ax } dx

/e‘” - {sin bz, cos bz} dx



3BUPKA, 3A1.90, CTP.77

I:/mz?
(1+ 22)2

Peweme.
" d xdx
U=z V=
(1+ 22)?
du = dx Hv:fl~i,
2 1422

I=-—

T +1/ dx L T
2(1+22) 2 1+22  2(1+22?)

1
+ 3 arctanz + C.



2]

dx
2 / (22 + a?)?

Pewemwe.

dx
e [

Axo 3a mHTerpas I; IPUMEHUMO MAPIUjATHY WUHTETPAIU]y
(dv = dz), mobujamo

x r?dx x
1= 21 g2 + / (2 +a2)? 22+ a2 2l =207

1 T 1 1 x 1 T
+ — arctan — + C'
a

27 942 124 a2 + 262" 2a2 22+ a2 ' 243



3]
I:/mdx:?

Peweme.
u=+a?+722 dv=dzr
du=— p=g

Va2 + 22’

3 3 a? + 2% — a?
=rva +x°—

x2dx
I = x\/a2+x2—/7 ———dx
va? 4 x? va? +z?

= a2va?+x2—T+a*ln|z++va2+22|+C

2
I:g a2+x2+%ln|x+\/a2+x2|+0



4]

14+

x
I= | dx =7
/\/1—z2n1—$m
Peweme.
1 1+ do — xdx
e DL )
l—2 1—z+1+=x 1 d(l—xQ)__ 3

1—=2x

du 1+ (1—-=x)2 oo 2/ V1— a2

1
—v/1—22In \/1—;1:21n1+7z+2arcsinx+0
—z

=



3BUPKA, 3A1.113, CTP.78

I = /arcsin2 zdx =7

Peweme.
. arcsin x
u=arcsin’z, dv =dz, du = 2———dz, v==1
V1—a2
. T arcsin
I =z arcsin’z —2J, J= | ——"ds
V1— 122

xdx

V1— 22
dx

du=——= 1 v=—V1—2a?
V1—z?

J=—V1—-2z%2arcsinz +a2+C

I:x-arcsin2x+2\/1 —z2arcsine — 2z + C

3a J: uw=arcsinz u dv =



6] 3BUPKA, 3A1.110, CTP.78

I = /xz arccos zdx =7

Peweme.

uw=22u dv = arccos zdz

v—/arccoszda:—:carccosz+/ﬁ_xarccosx\/1—x2
—x

I =2%arccosz — 22/ 1 — 22 72I+2/x\/17x2dx.
3[1IITSaI‘CCOSl‘*I2\/1*I2+2/1‘\/1*I2d1'
1
31 = 2% arccosz — 2\/1 — 22 — g\/(l —z2)3



KonokBuiyM, 2002 (3BUPKA, IIpP.9)

I, = /arcsin" xdx, Besa I, m I, o 7
Pewemwe.
u = arcsin” z, dv = dx

x - arcsin® !z
V1—22

3a J: w=arcsin" lz, dv= \/%, v=—V1-—2a2
—z

J=—V1—a2 arcsin" 'z + (n— 1)1, o

I, =z -arcsin z + n\/1 — 22 - arcsin™ ' 2 — n(n — 1)1, _o

I, =z arcsin"z —n dr =x-arcsin"z —n-J



VHTETPAIIUJA PAIIMMOHAJIHUX ®YHKIJA

Axo je
Q(z) = ap(z — a) (x — az)™ - (x — ay,)
Tamza CBakKOM (GaxrTopy (z —a)® omroBapa 30up mapuujaTHUX

pa3JIoMaKa
Al A2 + Ak

a:—aJr(x—a)2Jr (z —a)k




8]

xdx
/ (z4+1)(xz+2)(z+3)
Peweme.

T A B C

(x+1)(xz+2)(x+3) x+1+x—|—2+x—|—3
r=Ax+2)(r+3)+Blx+1)(z+3)+C(r+1)(z+2)

3a z=-1caemu A=—1/2
3a z=-2caemu B = -2
3a z=-3 cnemu C = —3/2



1/ dz +2/ dzx §/ dzx

2 r+1 r+2 2 r+3

1 2
—§ln\x+1|+21n|m+2\—§1n|x+3|—|—C’

(z +2)?

C
" |z + 1|1/2|z + 3[3/2 +




9| 3BUPKA, 3A1.132, CTP.7T9

2t =322 -3z -2

3 — a2 — 21

1= [ f@yds, f(o) =

Peweme.
at—ad -2 43— 2?2 -2 —x—2 T+ 2
fla) = R
e A z(z?2 —x—2)
x4+ 2 A B C

@@+l -2 a1
z+2=A(x—-2)(z+1)+Bz(z+ 1)+ Cz(x —2)
Baz=0 2=A4-(-2)-1, A=-1
Bazx=-1,1=C-(-1)-(-3), C=1/3
Baz=2 4=B-2-3, B=2/3



]—ﬁ+$+ di_z/ dz _l/dix
T2 x 3) =2 3) x+1

132

2 1
I:?+aj+ln|x\—§1n|ac—2|—§ln|x—|—l|—|—0



10|

2 _
I—/(I + o5z —2 do —

22 —=1)(x+1)

Peweme.
2 +5x—2 B 2 +5x —2 A i B n C
(2 —1)(z+1) (z2—1(+1)2 z-1 (x+1)2 2z+1

Baz=1je12+5-1-2=A-(1+1)% 44=4, A=1
3arz=-1je (-1)2+5-(-1)-2=B-(-1-1), B=3
Bar=0je 2=A-B-C, 2=1-3-C,C=0

3

dx dx
I= S ——— =1 — 1 - —
/I_1+3 /(x—|—1)2 nlx—1] m+1+0



3BUPKA, 3A7.133, CTP.79

5t — 8
I= | —————dz ="
/m3—4x2—|—4x v

Peweme.

5z —8 538 —é-i- B n C
—4x2 44 z(x—-2)?2 z -2 (z-2)2

5r —8 = A(x — 2)? + Ba(x — 2) + Cx

Bar=0, 8=A-4 A=-2; 3az=2, 2=C-2, C=1
5r —8=—2(x —2)?>+ Ba(xr—2)+z

Bar=1, -3=-2+B-(-1)+1, -2=B-(-1), B=2

dx 1
I=-2 —+4+2 = -21 21 -2l—-—+C
[ z+/<x—2>2 mlel+2inle =2 = o 4




112]

I:/diz:cf
z3(z +1)3

Pewemwe.

1 A B, C D B F
x+1)3 23 22 oz (z+1)3  (2+1)2  z+1
Az +1* 4+ Ba(x +1)* + C2*(x +1)* + Da® + Ex®(z + 1) + Fo(z +1)? = 1.

3a z =0 mobujamo A=1, a 3a v = -1 nodbujamo D = —1

Brx(z+1)2 + Cx?(x + 1) + E2*(x + 1) + Fa®(x +1)? = —3x(z + 1)
Bz +1?+Cax(z+1)* + Ex*> + Fa*(z +1) = -3

3a r =0 mobujamMo B = -3, a 3a z=—1 gobujamo E = —3



Cr(z+1)* + Fo?(x +1) = 6z(z + 1)
Clx+1)+Fx=6
3a z =0 gobujamo C =6, a 3a z=—1 godbujamo F = —6

1 3 1 3
I=— 61 —61 1
o2 T TOmT Sy n(z+1)+C




KOMIIJIEKCHE HYJIE

Q(x) = Qi(x)(x® +br +¢c), b*—4dac<0
rae je Qi(z) Kao y IMpeTXogHOM CJIyYajy

Ax + B

Tpuromy 22 +b oarosapa cabupax — ——
p y amtbrdc ol p p 2 +bxr+c

/ Av+ B dr ce CBOIOU Ha
— 5 ax
22 +br+c

2
/wdx:wwm)w
22+ bx +c

/dix_l rtnx_b—i—C
($—b)2+a2_aaca a



13|

3xr—2
—_———dx =7
/x2+4x+13 v

Peweme.
I_§/2x+4—4—4/3
T2 22 44z +13
3 22 + 4 d(z +2)
I=S =22 e8| —— 2
2/x2+4x+13 o /(x+2)2+32

T+ 2

3 8
I:§ln\x2+4x+13|—§arctan +C



[14]

5
2 —1
I = ———dx =7
/x3+x2+x v

Peweme.
5 —1 S |
S e A
R 3+ a2 42
3 z? x? -1
I=——-—+J J=[| ——-+—d
3 2 4 /:c3+x2—|—x v
2 -1 _A Br+C
r(x2+z+1) ?24+x+1

x
2 —1=A@’+2+1)+(Bx+C)z=(A+B)2’ + (A+ )z + A
A=1, A+B=1, A+C=0, B=2, C=1

x?—1 _ 1+ 2¢ +1
B+a2+zr oz a24+x+1
2+z+1

J=—Inlz|+n@?*+z+1)+C=1In

REC
x



3BUPKA, 3A.141, CTP.79

Iz/ﬂ:?
3 —1

Pewemne.
x A Bz +C
Bl 2-1 Prae+il
Baz=1, 1=34, A=1/3; 3Baz=0, 0=A+C-(-1), C=1/3
3az=-1, -1=A4-1+(-B+C)-(-2), -1=-1/3+2B, B=-1/3

1 dx 1 rz—1 1 11 2 — 2
I== B (e R Y P | Py e e
S/m—l 3/m2+m+1x 3n|m | 3 2/w2+x+1m

1 d(x? 1 1 d
]zgln‘x_”_l/w_,/ r

6 224+r+1 2) (x4+1/2)2+(V3/2)2
1 1 1 2 x+1/2
I=-lnlz—1-=>In(z?+2+1) — = - — arctan +C
gl g NG V3/2



16]

1= [ s
z(1 4 22)?

Peweme.

1 A Bx+C Dz+E
s+ 22 2 Tt (A raR)p
1=A(1+2%)?+ (Bx + O)z(1 +2°) + (Dz + )z
3a z =0 mobujamo A =1
3az=i, 1=(Di+E)i, l=-D+FEi, D=-1, E=0
1=0+2%2+ Bz +C)x(1l +2%) — 2?
Bazr=1 1=4+(B+C)-2-1, B+C=-1
Baz=-1, 1=4+(-B+C)-(-1)-2—-1
—2=(B-0C)-2, B-C=-1,2B=-2, B=-1, C=0




dx xdx xdx 1 1 [d(1+2?)
. - —Injz|— = In(14a%) — = [ B2+
/x /1+x2 /<1+:v2>2 nll =g (et 2/(1+x2)2
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CAIPAKAJT

1. VMaTerpanuja HEKUX TPUTOHOMETPU)jCKUX (YHKIN]jA

2. NHTerpanuja HeKNX MPANMOHAJHUX (YHKINja



VHTETPAIIUJA TPUTOHOMETPUJICKUX &.

Axo je f(z) = R(sinz,cosz), T e je R(u,v) palroHaJIHA (YyHKIUja
apryMeHara u W v, Tajaa ce CMEHOM tan% =t WHTerpanuja
¢yHEOUje f cBOAU Ha MHTeTpall]y PaIAOHAJHUX (PYHKIU]A.

2dt
r = 2arctant, dx = ,
1+1¢2
.z T
. 2sm§cos§ ot
sinx = T =12
cos2 + sin +t
2 2
2 .20
7C087_S11’1 5717t2
cosT = T T Iae

, 20 1—t*\ 2dt
/R(51nx,cosx)dx—/R<1+t2, 1+t2> e



3BUPKA, 3A71.150, cTP.80

I—/ dx
h 1+sinx + cosx

Pewemwe.
x 2dt ) 2t 1—¢2
tan— =t, dox = , sing = ——, cosz = ——
2 142 1+ ¢2 1+ t2
_/ 1 2dt _/ 2t [ dt
N - 2t 1—¢2 1+t2 ) 242t ) 1+t
1+ ¢2 1+¢2

I:ln|1+t|+C:ln(1+tan§)+C



3BUPKA, 3A1.154, ¢TP.80

/lfsinercosx

———dx

1+sinx —cosx

Peweme.

o — 1 d 2dt ) 2t 1—¢?

an — =t, r=—15, ST = ——, COST = —
2 1+1¢2 1+ ¢2 1+ ¢2

2
-2+ 5 142 -20+1—-42 1—t

f(x): 1J2rtt2 1—t2 :1 249 1 2 7 (1
14 12 — 5o +224+20—1+1¢ t(1+1)

_ (1—t)dt
I_z/t(t+1)(t2+1)

1t _é+ B +Ct+D
tt+ D)2 +1)  t t+1 0 2417

dt dt t
_ ——— =2ln—— — 2arctant + C
/ /t—|—1 /t2—|—1 nt+1 arctant +

tan 5

A=1,C=0,B=D=-1



Tpur. &. - COEIIUIJAJIHU CJIYUYAJEBU

R(u,—v) = —R(u,v), sinz=t
cos rdx / dt
sinz — 3sinz + 2 2 -3t+2

R(—u —R(u,v), cosx=t
/ sinx(1 — cosx) dmz/ t—1 dt
cosx(1 + cos? x t(1+t2)
R(—u,—v) = R(u,v), tanz =t

.3 4
t 1
/sm g:dx:/t?’dtzz—l—C:ztanSx—l—C

cos® x




3]

/ dx
I= —
4 —3cos?2x + 5sin” x

Peweme.
tanx =t
dzx dt 1
I= = = —arctan(3tanx) + C
/ cos?x + 9sin® x / 1+(3t)2 3 ( )



4]

I / 1-— tanxdx
1+ tanz

Peweme.

tanx =1t

1—-1¢
I:/—dt
(1 +6)(1+2)
Mebyrtum, Moske 1 6e3 cMeHe,
j /c-osx—sinxdx
Sz + cosx
/d(sinx—i—cosx)

sinx + cosx

= In|sinz +cosz|+ C.



3BUPKA, 3A1.161, cTP.80

[:/di?z
1+sin“x

Pewemwe.

1 —cos?t 1
tanz = ¢, tan®t = t2, =t =141
cos?t cos?t

dx/ cos® x dt dt
I'= 2. | 211142 | 11912
1/ cos? z + tan® z 241+t 142t

-arctan(v/2t) + C

\f/1+\ft 2 2

I = — arctan(v2tanz) + C
1 1

1

1
Moxe n = =

1+sin?z  cos2z +2sin?z  cos2z 14 2tan’z



VHTETPAIIUJA UPALIMOHAJIHUX ®YHKIINJA

1.

2.

3. ®yurmnuje obumka R(z,v/a? — x2),
4.
5
6.

dyurumje obanka R(z,vazx +b), Var+b=t

. +b ar +b
P e 00 a R o v =t
VHKIIN] JIVIK (x, i/ wrdl o d

), x=asint
. a
®yuknuje odbnmka R(z,V2?2 —a?), x=acosht unm z=—

sint

. ®ynrmuje obnuka R(z,V/22 +a?), x =asinht Wi z =a-tant

®yurnuje obauka R(z,vaz? +br +c¢) - cBonu ce Ha 3.,4.

niaa 5., a MOTY U 0]J'L€p08€ cMeEHNeE:

\/axQ—i—bx—&-c:t—m\/ﬁ 3a a>0
Var?+br+c=xt—/c3a c>0
Var? + bz +c= (xr — )t 3a ar® + bz +c=a(z — a)(z — B)



Kopucre ce Tabauyam MHTETrpaJIun:

=ln(z+ va2+a?)+C

1/dx

2. /\/%—hl(l‘Jr 1'27(12)4’0
r“ —a
T . X
3. /\/ﬁ:arcsmg—&—c

a Takobhe 1 MHTErpasu:

4. /\/x2+a2dx— \/T2+a2+%ln(ﬂc+ 2 +a?)+C
a2
5. /\/x2—a2dx= 2—q2?— ln\:r—&—\/ 2—a?|+C
- 2
6. /\/(IQ*JJZdI*%dI‘CSIH*+ va2—z2+C

) \

N8



6]

S i

Pewene.
Vi—x=t,o=1—1t> dox=-2tdt, v+1=—t>+2

1
=—1n

V2

Vi-z-V2

t—V2
+c Vi—z+v2

— +C
t++v2




7]

_/;31_ d
B (1+x)? 1+x$

Pewemwe.

=
14z

1—1¢3

6t2
r = ——-m
1413

3
sz/ﬁﬁ:§#+0:

1 =
+x T

1\ /3
(i) +e
1+

ool w




3BUPKA, 3AIL.167, CcTP.80

7= ve+1l—+vx—
Vo +1 +Vx—
Peweme.
z+1 r+1 1+ ¢ 4tdt
-1 rz_1 T eE_r YT T )e
x+1
=t tdt
I:/!JLL—dx:fg/——————g
il (t—1)(t+1)
t 111 11 L1 1
(t—1D(t+1)3 8 t—1 8 t+1 4 (t+1)2 2 (t+1)3
1 1 1 1
I=—Zlhft—1|+-hjt+1]- —+ ——+C
gt =+ ghft+l =g+ G +
1. |[t+1 t z+1
I=-1 - t=
QHL—l‘ CESVERA r—1



9| 3BUPKA, 3A11.169, cTP.80

[ e

Peweme.
1_
Q-2)VI-22=01-2)V/I -2l +z)=1—-2)(1+z) 1+x
xX
-2 1—¢2 —4tdt 2t2
itz T ire YTarer T i YTTiqe
Atdt at 1
]:_/ 5 :_/7:74_0
2 2 2t
(1+1¢2)2. . -t
1+ 1+
1
=% c

1—2x




Jlpyeo peweme.

xr =sint

dt 1-+sint
I = / : :/ Temt g
1 —sint 1 —sin“t

1+
/ +Smtdt:tant—/d(COSt)

cos2t cos2t
1 int+1
= tant+—+C=&+C
cost cost
int+1 1
_ sint 4+ _ x + s
V1—sin?t V1-—2a?
1+
= + +C

1—2




10|

I / dx
Vi—zZ-1

Pewemne.

T =sint

/ cos tdt
cost—1

/dt /1—cost

/1+cost
t= | —=,—
sin“t

1
—+C
sint+
V1—22 n

t+ cott+

arcsin x +

dt

xT

1
+



/ \/(cosh? t — 1)3 sinh tdt
/ sinh? tdt

1
1 /(cosh 2t — 1)%dt

1 ) 1 1
i/cosh tdt — i/cosh%dt—i—z/dt

1 . 1 . 3
32 sinh 4t — 1 sinh 2¢ + §t +C.



Kaxko je

t = arcosh x = In(x + Va2 — 1),
sinh 2¢t = 2sinhtcosht = 2zv/ 22 — 1,
sinh 4t = 2sinh 2t cosh 2t = 4xv/22 — 1(22% — 1),
nMaMo n1a je
1 1
I = g93(29524)\/9;2 —1-g 2 — 1+
Zln(er Vaz—-1)+C.



/
/

cosh tdt

sinh? ¢ cosh

dt

sinh? ¢

—cotht+C

sinh ¢

V1422

T

V1 +sinh?t

+C.

+C



13|

/ VzZ +1
xr

Peweme.
r = tant ; 1
I:/%dt:—f3+c
sin” ¢ 3sin” ¢t
Kaxko je
. 9 sin? ¢ tan?t x?
sin“t = — = 5 = 3>
sin“t+cos?2t 1+tan“t 1+=zx
. T .
TO J€ sint = ——, 1a je
) Vit
14/(1+22)3
I=—- +C
3 3



Iz/mdz

Pewemwe.

1:/ @132 R dx+3)
t 2
/\/ﬁz—ant:5\/t2—a2—%1n|t+ V2 —a?|+C
3 9
s \/x2+—6x—§ln|:c+3+\/x2+6x|+0

2




3BUPKA, 3A1.172, ¢TP.80

- S5 + 4
VaZ+ 2w +5
Peweme.
7o 5 22+ 8/5 Iz
Va2 +2zx+5
B 5 2 + 2 /
B Va2 2z +5 \/x2+2x—|—

B 5/d(aj —|—2x—|—5

2vVa?+2x+5 /«/m—i—l 2422
= 5Va?+2x+5—In(z+ 1+ Va2 + 2z +5)



16]

I—/ xdx
v+ +1

Pewemwe.

;oo L[ 2a+41 /
Vil tz+1 \/x2+x+

2

_ m_Qm(H+ xzﬂ;ﬂ).



3BUPKA, 3A1.171, ¢TP.80

I—/ zedr
vat+ax+1

Pewemwe.
I = :102+:E—|—1d x+1/2

—_— dr— | —————dr — - | —
Vrz+zrz+1 vVrz+z+1 /\/x2+x+

_ - . 20 +1
B /\/( T2+ 8/4d /2\/x2+x—|— /\/:c+1/2 )2 +3/4
S LN R 12V et D)

2

—\/m2+x+1—§lnx—|—1/2—|—\/x2—|—x—|— )+ C
2z +1 3 1

= (w: —1) m2+m—|—1+(8—2)1n(x+1/2+\/x2+x+1)+0
2z —3 1

- \/M—gln(m—i—lﬂ—i—\/wg-i-x—i—l)—i—c

4




3BUPKA, 3A0.174, cTP.81
/\/4x2—4zz:+3dsc

Peweme.

I=/ (2r —1)2+2dzx, 22—1=t, 2dv=dt

1
I = 5/\/t2+2dt
1/t 2
- ( t2+2+2ln(t+\/t2+2)>+0

2\ 2
2 — 1 1
- “””4 4a? —dr +3+ S In(2r — 1+ V4a® — 4 +3) +C




(19]
fz/xwmdx

Pewemwe.

xr =2sint

I:/4sin2t~2(:ost~2costdt:16/sin2t0082tdt: 16J

1 —cos2t 14 cos2t

2 2

1 1
= 1(17c0522t) =- <1

sintcos?t =

1
7+ cos 4t = 1 — 1cos 4t
2 8

4 8

1 1 . 1 .
I—16J—16<8t3251114t>+0—2t251n4t+0



Kaxko je

TO je

sin 4t

2sin 2t cos 2t
4sint - cost - (cos? t — sin? t)

4sint\/1 —sin® (1 — 2sint)

I= Qarcsing — E\/4f:c2(27x2) +C



Jlpyeo peweme.

U=z, dvzxﬂdw, du = dzx, U:—é(4—x2)\/m
I:—§(4—x2)3/2+1(4—x2)\/mczx

1:-%(4 2y8/2 4 /\/—73&—71

oty )3/2+ 2, /mdx

3 3
J:/22—x2dx:2arcsing+g\/4—x2+0

I=—z(4—22)>?+ 8arcsing +2zv4—a22+C

1 2
I=2arc51n2+m\/m<2_1+x> +C

4

I:Zarcsing—l—g 4—22(2*-2)+C



3BUPKA, 3A1.170, ¢TP.80

dx
I:/(1+x)\/1+x—x2

Pewemwe. .
OjnepoBa cMmena V1+z — a2 =tz — 1
l+ax—a? =t - 2tx+1, 2(1 —x) =x(t?zs—2t), 1 —x=t>zx 2t

1+ 2t t?+t—1
=— " dr=-2--—" __dt
2y (2 +1)2

142t t24t—-1
Vitzr—22=te—1=t- tet A

24+1 241

- 2+ 2t 42
r=—5—"
t2+1
2 +1 ?+1 24t-1 dt
I:—2/ + . + U dt:_z/i
2+2t+2 2+t—-1 (t241)2 1+ (t+1)2

I =—2arctan(t + 1) + C = —2arctan

1+x+\/1+x—x2+c
T
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CAOPKAJ

OOAOPEDBEHUWN UMHTEIDIPAI

Ibyrn Jlajorunosa dpopMmyna
Merona cmene

MeTona mapnujaHe MHTETpalnje

=W e

[Ipumena (HOBpHIIMHA DaBHUX (PUIYpPa)



Y CJIOBU MHTETPABUJIHOCTU

Heonzodan ycaoe unmezpabuarocmu
f€Rla,b] = f orpanmdeHa Ha [a,D
LlosowHu ycaosu unmezpabuarocmu
1. feCla,b) = feR[a,b

2. f orpaHWYeHa U MMa, KOHaUYaH OpPOj TpeKuIa Ha,
[a,b] = f€Rab]

Ha nmpumep, 3a f(z) = i u g(z) = ﬁ nMaMo
feR[L2, [fER[-L1], geR[-n/2,7/2], g¢&]r/23n/2]



IbyTH JIAJBHUIIOBA $0OPMYIJIA

Axo je f € Cla,b] m ako je F IpUMUTHUBHA 3a f Ha [a,b], Tama je
b b
[ e = F) - F@) = F@)

Ha npumep, (36upka - 3a1.32, crp.84 un 3a1.40, crp.85)

L. / rlnz _/e (1:;) = In(lnz)

2. / dim:/ d(lna;) = arctan(In x)
1 x(l—l—ln x) 1 1+In“x

= arctan(lne) — arctan(ln1) = %

62

=In(lne?) — In(lne) = In2

e

e

1

Axo je F mpuMutuBHa 3a f Ha (a,b), Tama je

b _
[ #@)da = P~ Flay) = Fa) |



3BUPKA, 3A1.41, CTP.85
I:/1\/4—x2dﬂc

Pewemwe.

2
/\/aQ—xde: %arcsing—i—g\/a?—x?—i—C
a

22

F(a:):;arcsing+g 4 — 2
1 1 1 3
I:F(z)‘0:2arcsin§+§\/ 71:2.g+§
3 2



3BUPKA, 3A1.45, CTP.85

I_/”/4 d
N 0 1+ 2sin’z

Peweme.
7= /”/4 dx B /”/4 d(tanx)
cos?x + 3sin’z  Jo 1+3tan’z

/ \ftanx

\f 1+ \ftanm)
w/4
I= —arctan(\[tanx)

V3

1
I = —arctan\/gz T

V3 3V3




I:/ | In z|dx
1/e

Pewemwe.

1 e
I = —/ lnxdx—|—/ Inzdx
1/e 1

/lnxdm =zlnz—a+C

1
I:—(mlnx—x)‘ +zlnzx —x
1/e

(&

1

1.1
Iz—(O—l—ln—i—)—I—e—e—(O—l)
e e e

2 2
I=1-41=2-°%
e e



4]

dx

:/0 3+ 2cosx

Pewemwe.

I = lim

™
I=—
V5

omeen (g
arctan
\f



METOOA CMEHE

f € C[a’b]v pe C(l)[avﬁ]a @(a) = a, (p(ﬁ) =b

b B
/ f(@)de = / Fp(t)e! (Dt

e Ako je f memapha, Tama je / f(x)dz =0

1/2 1
Ha npuwmep, / coszln Lz = 0
-1/2 -z

e Ako je f mapna, Tazna je /a flz)dz = 2/a f(x)dz
—a 0



5]
I:/axQ\/a2—x2 dr,a >0
0

Peweme.
. z | 0O a
r =asint, dx = acostdt, 02
w/2 w/2
I = / a?sin®tvV a2 — a?sin’t a costdt = a* / sin? t cos? tdt
0
4 /2
I= a—/ sin? 2tdt = a—/ (1 — cos4t)dt
4 8 Jo
1 /2
1_‘;< 4sin4t>‘0
I="4gt
16



6]

V3

I 3 +1 dr
N
Peweme.
o - || 1] V3
r =2sint, dx = 2costdt, r H 7/6 ‘ /3

/”/3 (8sin® t+1)2005t

/6 4sin’ tm

/3 1 /3 dt
[:2/ sintdt—i—*/ 24
/6 4 Jr6 sin“t

/3 1
]:—200815‘ —ZCOS

[:g\/g—l

/3
/6 2 2 4

V3
3

g



V2
I:/ 2316 — 28 dx
0

Pewemwe.

- 1
zt=t, 23dx = Zdt

1 4
0

t=4sinu
w/2 /2
I=4/ |cosu\-cosuu:4/ cos® udu
0 0
/2 w/2

I=2¢p" (14 cos2u)du=2u+sin2u

0
I=m



8]
z:[fxmdx

Pewemwe.
5

I:/ zy/ (z—2)? —4dx
4

r—2=t, dev=dt

3
I:/(2+t)\/t2—4dt
2
3 3
1:2/ \/t274dt+/ /12 —4dt
2

2

1 301 3
I=2 (2\/t2 —4—2In|t+ /2 —4|) ‘2+ g(ﬁ —4)3/2

2

I:§\/5—4:1m3+2\/5



El

/2 dx
1= _—
/o 1+ sinx + cosx

Pewemne.

e L — ¢ z | 0] x/2 . 2t 1-¢

an - = sinx = ——, cosx =
27t o ’ 1+t 1+¢2

1/1 1 2dt
o 1+ 2+ 120 1+

1/1 2dt /1 2dt /1 dt
o 1224112 J, 242t Jy 14t
1
I:In(1+t)‘
0

=In2



KoaokBMIYM, 2002.

/2 sin® z
3 Al
o sin®z+cosx

Pewene.
o o x H 0 ‘ /2
T = 5 —t, dx = —dt, . H 72 ‘ 0
0
t t
/ cos® :/ cos® _cost
/2 sin t+cos3t o sin®t+ cosdt

21__//2sm x—l—cosx /
o sin®z + cosdx 0

I=mn/4



™ N
I:/ xblnxz e
o l+cos?z

Pewemwe.

r=m—1t, dr=—dt, *H%‘%
T sinzdx T xsinx

I:7r/ 7—/ LT
o l+cos?2z J, 1+cos?z

I=nJ—1I, 2I=n] I:gJ

e d ~ ™
J = —/0 % = — arctan(cos x) 0= —(arctan(—1) — arctan 1) = g

Y
==
4



[12]

I_Z/Wg dx
N =/ Sinzcos’z

Pewemwe.

cost =t

7= /”/3 sin zdz B /‘/5/2 dt
N x/a (1 —cos?z)cos®x N 12 (L=t
1 1 1 1 1 1

1
-2 21—t 21+t 1'%

1_1/ﬁ”dt 1/ﬁ“dt+/ﬁ“ﬁ
2 1/2 ]._t 2 1/2 1+t 1/2 t
1 1‘@2

1 2

1/2

1

)

\/5/2 dt

/2

3



METOIA TIAPIIMJAJIHE UHTETPAIIUIE

b b
— vdu
a a

b
uw,ve CVab = / udv = uv




1/2 1
I=/ zln +wdx
O 1

Pewene.
1 2dx x?
u = In +x’ dv = xdx d,u:(il‘, v="2
1—=z 1— 22 2
22 142 1/2 12 22dy
I=—1In ’ — —_—
2 1-zh 0 1—a?
1 1/2 2
I:fln?)—/ A
8 0 1— a2
1 /2 1 1 1/2
I:fln3—|—x‘ —ln‘ T ’
2 1—x|lo
1
I:f—§ln3



3BUPKA, 3AI.74, CTP.86

I:/ 2% 1n? zdx
0

Peweme.
2 9 2Inz x3
u = In"zdx, dv=2x"dx, du= de, v=—
T
3 e 2 [° 32
I:x—lnzx 77/ lenxdfcze—fa]
3 o 3J 3 3
23
3a Ju=Inz, dv=2de, du=—, U_§
x> e 1 [° e 1 adje 2
J=""1 - = e =——-- | =Zé
3 " 3/0”’ T3 73 310 9f



3BUPKA, 3A1.80, CTP.87

3 [ x
I = / arcsin dx

Pewene.
u = arcsin 33 , dv=dzx
r+1
1 1 a:+1—:v 1 dzx
du = (1+1)2d:r,:2\/;-r+1-,v=x
x T T
1_m+1 2 :Jc+1

3 2
= g arcsin ‘ du 3arcsin\/§ — M
V m—i—l 0 2[ (z+1) 4 Jo 14z

I= 3arcsm7 — (V& — arctan /) ’

\f+f ﬂr—\/g

1=3.7_
3 3



=
o

1

xIn(z +\/1+x2)d$

o (14 22?)
xdx dx —1
, = In(: 1+22), dv= ——%5, du= -
w=Infe+ V14, dv= ey, du= e VS oy
In(z + V1 +2?) / ~3/2 1 !
[=— 1 dv=—7In(l+v2)+3
C2(l4a?) ‘0+2 0(+9€) v 4n(+\[)+2‘]

3a J: x=tant, t€[0,7/4]
/4

1=
0
V2 o1

/4 2
1+ tan?t)~%/2 cos 2 tdt = / costdt = %
0

I =



3BUPKA, 3AI.83, CTP.87

I, = / (a* —2*)"dx, a >0
0

Pewemwe.
a

I, = / (a® — 2" Ya? — 2¥)dx = a1, 1 — J
0

3a J: u=ua, x> -2 lde=dv du=dx, v= —%(a2 — )"
= (@t 4 % Oa(a2 _P)dr — %In

I, =a%l, - %In, I, = 2;1 T -

In= 2n2i 1@ Ino1 = 2n2il ' 2(721(7z I)ll 70 In2 = azn(zfﬁ)!l!)!!fo

Iy = /oada? =a, I,= a2"+1(2£?:?!1!)”



IIOBPIIIMHA PABHE ®UI'YPE

3a ¢urypy orpanmdeny ca y= f(z), y=0, v =a, x =0 je

P= /|f )lda

Ha mpumep, (3ax.85, cTp.87)

y=sinz, 0<z <7 P:/ sinzde = —cosz| =—(—-1-1)=2
0 0

3a ¢purypy orpanudeny ca y= f(z), y=g(z), v =a, z=> je

P= / 1£(2) — g(a)|da

Ha opumep, (3ax.91, cTp.87)
y=sinz, y=cosz, 0 <z <mw/4

/4 /4
P:/ (cosm—sinx)dx:sinx—i—cosx‘o g £—0—1—\/5—1
0



3BUPKA, 3A1.99, CTP.88

—T

y=h(l+z), y=—ze™ z=1

Pewemwe.

1 1
P= / In(1 + z)dx + / xe dx
0 0

1

1
P:(x—i—l)ln(l—i—a:)—x‘o—l—(—xe_x—e_’c) .

P:an2—gzln4—g
e e




KoJoKBUIYM, 2008

1
v= V2 + 2z + 2’ 4

Pewemwe.

=1lz=0, P=?

0 1
P :/ (1 - > d:L’ 42129
-1 Va? + 2z +2 T

0 0 d
p:x‘ _/ _dr
-1 JavVat+2x+1 .

0
P:]_—/ d—x 04
Ve ;
0
le—ln(x+1+\/x2+2x+2)‘ ) “L

P=1-1In(1++2)~0.1186



20

Vy+tvr=a (a>0), =0, y=0

Pewene.
Yy = O’ T = (12 ‘ e
r=0, y= a’
y=(a— Vo ;

o .
P = / (a® 4+ z — 2a+/x)dx s

0 J

4
p_ 9 R

6



y=x—1, ¥’ =2z +1
Pewemwe.

0
P1:/ 2vx + ldx

4 0

Pl = g(z+1)3/2‘

-1

3
Pg:/ Vex+1—z+1)dz
0

2 (r—1)2
pP== 1)3/2 2 )
2 3({E+) 2
9
P=P1+P2=§

Jlpyzo pewemne.

2
P:/ (y+1—y2+1)dy:—y§+

—1

3

0

3

2

2

2

+2y
-1
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CAIPAKAJT

1. IIpumena oapebhenor mHTETrpaJia

(my:kuHA JIyKa, 3alpeMUHA, TOBPIIMHA )

2. HecBojcTBeHU mHTErpaJ



IYKNHA JIYKA KPUBE JIMHUJE

b

y= f(@), =€ ab zz/ VIt F2@) do
d

r=g(y), y € lc,d] l=/ V1497 (y) dy

to
r=(t), y=1(), t€[ti,ta] 1= [ () +¢2(t)dt
t1
s
p=p(p), ¢ €l pl l=/ VP2t p?dy



3BUPKA, 3A1.112, CTP.89

22 Inz
Pewemne.
/ _ _ i 12 2 1 _ }

+
2
1 1 1
1 2 _ = 2 — -
FI@) =5t g (x+4x>

T4 2@ =+ -

4x
3 2
1 x 1 3
= “Nde=2 4 |
/1<x+4x> x 2+4nx1
9 1 1 1



3BUPKA, 3A1.115, CTP.89

y=In(z"-1), 2<z<5

Pewemwe.
2x 472
i _ 1 12 _ 1
f(iC) 1_2_17 +f (ZL’) +($2—1)2

2 z? —1)% + 422 z? 4+ 1)?
1+/ (a:):( (mz)_;)_2 :Em2j1;2

1 ° ° o d 1
l:/ vl dx—/ dm+2/ - ] +2->In

1
l:3+1ngflng:3+ln2

rz—1
r+1

‘ 5
2




3BUPKA, 3A1.117, CTP.89

2T

<zr< —
- - 3

y = In(sinz), g

Peweme.
y =cotw, 14+y?(x)=1+cot’z=

1/27r/3 dr 1/27r/3 dz
N /3 sinz 2 x/3 Singcosg

27/3 1 (tan 2m/3
[ = / 7( aan =In (tan E)
/3 tan 5 27 lxy/3

1
I=InV3—In—=InvV3+Inv3=Imn3
V3

sin® x




4]

et —1
=1 , €[1,2
y=lh—o—3, @ 1,2]
Pewemwe.
r %" 142 = (6230 + 1)2
Y e2r 1’ Yy = (€2x _ 1)2

2 2z e? 42
1 t 1
l:/ 627—’—(11':/ ;dt
1 e —1 . tt2—1)

2

€ 1 1 1
= —_— —_ — = :1
! /e (t—1+t+1 t)dt "

l=—1+In(e? +1)

[t?2 — 1] |€
[t e




5]

X
y=— —1 ucoom z-oce

2
Peweme.
Yy ==
V2 V2 V2 1 2
+x
l=/ \/1—|—x2dsc:2/ V1i+az2de=2 dx
V2 0 0 V1+ 22

l 2/ﬁ< ! v )d 2 In( 1+ 22) Y
— + r =2In(z + +x ‘ +
0 Vi+az V1422 0

rdr
3a J: u=ux, dv:\/%, v=1v1+x2

V3 V2
2J:2x\/1+x2’0 —2/ V1+a2de =2V6—1
0

I =2In(v2+V3)+2v6 -1
l=In(v2+V3)+V6



6] KostokBusyM, 2003, A 1 2006
y=+22—48+4V6In(z + /a2 —48), T<z<8

Peweme.
, r+4V6 ST =3, z +2v6

22 — 48’ Va? — 48
l/sﬁ d(x2748)+\[2 oG 8 da

7 2 2 — 48 T\ Ja? - (4V/3)?2

l:3\/§+4\/§lng



3BUPKA, 3A1.123, CTP.89

z(t) = acos’t, y(t) = asin®t (ACTpOI/I,ZIa)
Pewemwe.

2% = 9a? cos* tsin® t, y? = 9a’sin* t cos? ¢

2% 4+ 4% = 9a” cos® t sin” t(cos® t 4 sin® t)
' + y’2 = 9a® cos® tsin® ¢t
/2 /2
l=4- 3a/ costsint dt = 12(1/ sin td(sint)
0 0

/2
[ =6a sin2t‘ = 6a
0

3awmo He Moxce:

2T c
3a . 27
l:3(1,/ costsint dt = — sin®t =07

Jo 2 0




3BUPKA, 3A1.124, CTP.89

x = a(t —sint), y=a(l —cost), t € [0,2n]

(Hurnonna)

Pewemwe.

' =a(l —cost), y =asint

22 +y'? = a®(1 + cos® t — 2cos +sin* t)

t
z% 4+ y’2 — 2a2(1 —cost) = 4a? sin® 3

27 t t o
l:/ 2asindt2a<cos>~2‘
0 2 2 0

l=4a(1+1)=28a




9| KosmokBuIyM, 2002
z(t) = 2V2V1 — 12, y(t) =t/1—t2, tel0,1]

Pewemwe.

7' (t) = ava b y(t)=vV1-12— r

V-2 V1—t2
12 2 (2t2+1)2 12 12 2t2+1
To+y =T g vatt+ye= 7
1 2
2t 1 1 3
= \/%dt:—Ql—l—Sarcsint‘O:—Zf—i— §7r
1 w/2
I:/ \/ﬁdt:/ cos? udu
0 0
7"/21 2 1 /2 1 /2
I:/O Wduzyio +Zsin2u0 S

T 3
__2.7 _ —
= 4—|—27r—7r



SAIIPEMUVHA POTAIIMOHOT' TEJIA

y=f(z), x € —7T/ f2(z)de, V—27r/ | f(z)|dx

v =gy, yeled »@—w/ ()®7V—QW/IW )| dy
B
x=¢@%y=¢@%t€Wﬁ]‘@zw/qﬁ@d@ﬁ

«

B
p=o0). 0l V=7 [ Fo)sinoa






y=sinz, =0, y=1 V,=?
Pewemwe.

1
Vy = 7T/ arcsin® ydy = nl
0

d
3a I: w=arcsin’y, dv=dy, du=2arcsiny - Y .
-y
1 1 d 2
. . yay ™
I:yarcsmy‘ 72/ arcsiny - ——— = — — 2J
0 0 ,/l—y2 4

dy

ydy du v =

1 1 dy
’ — 2 ar EW'I] ‘ _|_/ —_ 2 - —
\% Yy csiny \% Yy /7y2

—/1— 32

3a J: wu=arcsiny, dv=

=" _2 Vyzg( 2_3%)



Jlpyeo pewemne.
arcsiny =t, y =sint, dy = costdt

/2
I = / t2 cos tdt
0

Tpehe peweme.

v, = (%)zwq—vg

/2
Vy* = 27r/ T - sinzdr = 27
0



V, =2m(e* + 1)



3BUPKA, 3A1.146, cTP.90

=2z y=2 =0, V,=?
Peweme.
Vo=V =V, Vi =r’nH =2%7.2
2 2
V2:7r/ 2xdr =7 2%| =4r
0 0
V,=8nm —4r =4r



3BUPKA, 3A1.147, ¢TP.90

1
y:xay:_7x:37 Vw:?
X
Pewemwe.

Ve=V14+Vy

1 1 1
V1=7r/ yzdx:w/ 2?de =~
0 0 3

3
1 2
V2:7r/1 ;dx:yr

Ve=m



3BUPKA, 3A1.155, cTP.91

2
y:2$_$7y207 Vy:?

Peweme.
20— 22 =y, 2 —2x4+y=0, Tipo=1x+1-y
Vy=Vi—-Va

! 17
V1=7T/ (1+\/H)2dy:€7r
0
! 1
V2:7T/ (1=V/T—y)dy = o7
0

8
Vzgﬂ'

Jlpyzo pewemne.

2 2 2 274 2 8
Vv, = 277/ r(2r — 2%)dr = 271'/ (222 — 2%)dx = 27 <x3 - ) ’ =-7
; o 37 T 3



y=2z—x’,y=0, V,=2

Pewemwe.
2

Ve = 7T/ (22 — 2%)?dx
0

2
Ve = 7r/ (422 — 4a® + 2%)da
0

16
15



24yt =0 (x-r)?+y* =0} V=" (3ajenHuun neo)

Peweme.

r/2
V= 277/0 (r? — (x —r)?)dx






IIOBPIIIMHA OMOTAYA POT. TEJIA

b
y=f(z), xz€la,b] Pw:27r/ yv1+y? de
d
x=g(y), y € [cd] Py:27r/ V14272 dy
B
o= gl y=v(t), tefaf] Po=2r [ GOV + 00

B
p=p0), 0o, f] P= 271'/ p(0)\/p?(8) + p'?(6) sin 6do



3BUPKA, 3A1.160, CTP.?

y=a3 0<z <1, OKO z-0Ce

Pewemwe.
y’=3x2, y/2:9$4

1
Pw:27r/ 22/ 1+ 924 dx

21

P, = (1+9x )l/zd(1+9:r )
36
T 2 1
3 1 3/2
18 3( 9w ) ‘0

Fo = 27 ( 10°/2 - )



KoJIoKB1IYyM, 2009

y:m—?,\/égxge, OKO = -0ce

Pewemwe.

1
=20 —, 1+4+y?=1=42?
V=T 1Y T S

€ 1 1
pzzzw/ (2_”)(2“)@
\/g 8 81‘

8

€ 1 11
Pw:27r/ (2333—1—— lnx—nx)da:

4 64 z

[e 2]

NG

2 2
/xlnxdm = %11’11‘— %

P, =77



y=a* z=y> V,=7 P, =0

Pewemwe.
! 3
Vx:V1—V2:/ n(x —2V)de = ==
o 10
P,=P + D5

Ba P z=y’ y=y1, ¥ =5,

1 1
1
P1:27r/ \/a?\/1+4—dx:7r/ Viz + 1dx
0 x 0

_T a2t _ s E
P =Tz +1) ‘076(5\/5 1)
3a P,: y=22 y =2

! 9\/5 1
P2:27T/ 1‘2\/1+41’2d$:"':Wﬂ'—ﬁﬂ'ln(2+\/5)
0



1
Jlodamax - I = / 221+ 422 dx
0

1
u=uz, dv=av1+42?de, du=dz, vzﬁ(1+4x2)3/2

1

€T 1
I=(1+42%)%2| -
4" =5

/(1—|—4x )32 dx
1 1
_%‘/5’5 (1+42)V1 + 422 dz = ff—/ \/1+412daz7—1
0

5 1 1
127\/5_176‘]’ J:/ V14422 dx
0

16
4xdx
=V1+422 dv=dz, du=-——r, v=
/ V1 + 42
1
—x\/1—|—4x2‘ —4/ =5 —J+ =In(2z + /1 + 422
\/1+4x2 2 ( )

J=§+im<2+\/§), 1:%%5 ﬁln(Q—i—\f)



22]

y=sinz, x€]l0,n]
Peweme.
y =sinz, 1+ f?=1+cos’z

P = 277/ sinzv/1 + cos? z dz = —277/ vV 1+ cos? zd(cos x)
0 0
1 1
cosx =t, P:—27r/ \/1—|—t2dt=2ﬂ'/ V142 dt
—1 0
1 1
P=47T/ V1+t2dt =4nl, I:/ V1+t2dt
0 0

1 2 1
1+t / dt tdt
I=| —=dt=| —=+J,3aJ: u=t, dv=
o V1I+12 o VIteZ VIt

1 2

t=dt 1

J= :t\/1+t2‘ I, 2T =In(1+v2)+V2
/0\/1+t2 0 ( )

P =d4xl = 2xIn(1 + V2) + 2v271 = n(In(3 + 2v2) + 2v/2)
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JIBOJHU MHTETPAJIU

IlekapToBe KOOpIUHATE
CwMeHe TPpOMEHIbUBUX
[Tonapue KoOpaUHATE
3ampeMuHe Tema

IloBpmune paBHUX (UTypa

A

[ToBpmuua mena moBpu



1. JIEKAPTOBE KOOPJIUHATE

= [a,b] X [¢,d]

//fxydxdy—/dx/fccydy—/dy/f:cy

D={(z,y) [z €la,b], y1(x) Sy <ya(x

J[[ e ydnay - / as /y y(()) £, y)dy

D={(z,y) |y €le,d], z1(y) Sz <=z

//fxydxdy—/dy/xl(y (x,y)d



1]

2
X
D = 1 1
//D 1+y2dxdy, [07 ]X [07 ]

Pewemwe.

1 1
d
I:/x2dx~/ y2
0 o 1+y




2]

// zjzdij1 D =[0,1] x [0,1]

Peweme.

11 p1
d
I:/ /y}dx
o LJo (z+y+1)2
1r
-1 1
I:/ 7‘ dx
o lz+y+1lo
I r
1 1
I = d
/0 _$+2+1’+1:| x

1
szln(x+2)+1n(m+1)‘ — I
0

z+1
rz+2lo

IZlné
3



3]

// (x +y)dxdy, D: y*=2x, 2>=2y
D

Pewemwe.

2 V2z
I:/ l/ (x +y)dy| dz
0 x2/2
2 Vaz 2 yz Vaz
= [ ) e (5 1)
0 z2/2 0 2 lz2/2

2 1 2 1
I:/O (x 2:]5—2953) dx—i—/o (x—4w4>daz

8
I=-
)



4]

//(x2+y2)dxdy, D:y=z, y=ao+1, y=1, y=3
D
Pewemwe.

Hajope mo z, na mo y!

I= /13 [/y:(x”f)dfc] dy = /131(y)dy

Yy 373 y y
1) = [ @i =] il
Yy

y—1

1
(y—1)3+y2(y—y+1)=2y2—y+§



5

// rydrdy, D: 2> +y* =1, 2> +y* =2z, y=0
D

Pewemwe.

V3/2 1-y?
I=/ y - 1(y)dy, I(y)Z/ xdx
0 1—4/1—y2

x? | V1-y?
I :7‘
(y) 5 |1y



6] 3BUPKA, 3A1.25, CTP.99
// 2?y? /1 — a3 —y3dady, D={(z,y) : >0,y>02°+y°><1}
D

Pewemwe.
1 H1—23
Iz/ 2? - I(z)dz, I(x):/ y? /1 — 23 — y3dy
0 0
_ 12 3 3\3/2 Vi=a®
I@) = 5 - 31 —a® —y")2 |
2
I(z) = 5(1- z®)3/?
2 [, 313/2 2 1 [ 313/2 3
I=-— | z21—2>)*de==-- [ (1—2)"/%d(1—x)
9 /o 93/,
4



KoOJIOKBUJIYM, 2002
://Dz-sin|y—x2|da:dy, D={(zx,y) : 0<z</7/2,0<y <7}

Pewemwe.

2] _ y7172a yZIZ _ y*$2, (x7y)€D1
ly—=7| = =
1.2_y7 y<fE2 x2_y7 (xay) EDZ

I= / f(x,y)dedy + / fa,y)dedy = T + I
Dy Do

V)2 T \V7T/2
I :/ acdx/ sin(y — 2?)dy —/ x(cos 2 + 1)dx

0 -2 0

1 V2
I, = —sina? +—‘ =

5 +

1
24



sin(z? — y)dy =

\/T/2
0

z(1 — cosz?)dx

/m

N = Y

o)y N



2. CMEHE IPOMEHJ/bBUX

F:G6—D, F:(u,v)~ (x,y)

_ _ _ _ D,y) _ |, a,
z=xz(u,v), y=y(u,v), dedy=|J|dudv, J= D(wo) ~ |4, v
J[ e ey = [[ w00, 0,01 1dude
Baxn
J_ D@y 1

D(u,v)  D(u,v)




//(xz—yZ)dxdy, Dixz4+y=1 z+y=3, 2z —y=2, 2z —y=-1
D

Pewemwe.
u—+v u—v
rTt+y=u, T—-Y="10, = B , Y=

z+y=1—-u=1 z+y=3—-u=3,

2 —y=2—-u+3v=4, 2rx—-y=-1—-u+3v=-2
G: u=1, u=3, u=3v=-2, u+3v=4

Sz 1y
T2 —1/2
1 /3 [o?|(-uw/3
/du/ uUU|dU=f/ u[v’ }du
(u+2)/ 2 /x 2 | —(ut2)/3
R

9



JLlpyzo peweme.

rt+y=u, 20 —y=0v, T= Y= J=—=

[1,3], ve[-1,2]

I—/du/ 20 —u) 1dv
3

J——
9



9]
J[ s

Peweﬂ;e.

dmdy, D: z+y=1 =0, y=0

U=r—yY, v=r+y, T=

G: v=1, u=v, u=—v

1 1 v
= f/ dv/ cos Edu
2 Jo . v
1/t v
I = 7/ (vsin E)
2 Jo v

! 1
I:sin1~/ vdv = —sin 1
0 2

dv

—v




10|

// sinﬁ—z;’ldxdy7 D:y=ax,y=0x,zy=a, z>0,a>0,>a>0
D a

Peweme.
D(u,v) —y/z? 1/x Y D(z,y) 1 oz 1
D(z,y) | vy T ' D(uv) 2y  2u
1 (Pdu [°
I=- —u/ sin 7T—dv
2/, u Jo a
1 a
I:flné{—gcosﬂ }:glné
2 « 7T a lo T «




3. IIOJTAPHE KOOPIMNHATE
rx=pcosp, y=psing, J=p
3a 2 +y* < R* je (p,¢) € [0, R] x [0,2n]

Eaunmuuxe xoopduname

x=apcosl, y=>bpsinb, dxdy=abpdpdf, J = abp



3BUPKA, 3A1.36, CTP.100

// syt T dzdy,
Va2 +y?

Pewemwe.

T =pcosy, y=psing,
G =1[0,27] x [7/3, 7]

2m
/ d<p/ sin pdp

=27 (— cosgp)

/3
I =3m

D ={(z,y) | m*/9 < a® +y* < 7°}

J=p



[12]

I://(1—29:—3y)dxdy, D:2*+y* <R
D
Pewemne.

2m R
I :/ dcp/ (1 —2pcosp — 3psing)pdp
0 0

2T p2 2 R
I:/ dy (—p3cosgp—pgsin<p) ’
0 2 3 0

2

R 2w
I= ?(&p —4Rsinp + 6R cos )

0
I =nR?



KoJIOKBUJIYM, 2004

dxd
// Qiy D:x2+y2=4x, x2+y2:8x,y:07y:x
517 Z/

Pewemne.
x=pcosp, y=psing, pé€[0,n/4], ¢ € [4cosy,8cos ]

,ded@ / /8cos<pdp
4cosp p3
8cos<p 1/77/4 1 1
_- _ de
dcosg 2 Jo 64cos2p  16cos? o
11 /”/4 dp
64 16) ), cos?y

1—4 |74 3
BT PR T




3BUPKA, 3A1.37, cTP.100
I://\/RQ—xQ—yzdxdy, D: 2> +y* <Rz, y>0
D

Pewemwe.
p € [0,Reosg], ¢€[0,m/2]

w/2 Rcos ¢ 1 /2 Rcos ¢
I=/ dw/ \/R27—p2pdp=—§/ dso\/(RQ—pz)?"O
0 0 0
1 w/2
I:—g/ (\/(RQ—R2cosz<p)3—R2) de
0
2 /2
I= —R—/ (sin? ¢ — 1)dyp
3 Jo
T R2 1 . 5 2 w/2
=——|[—=sin 5 — = COS —
3 35 pCcosy 3 Y= 0




3BUPKA, 3A1.38, cTP.100

3
Iz// arctangdﬂcdy, D:a?+y?=1, 22 +4* =09, yz%x, y:\/gg;
D X

Pewemwe.

p€l,3], p€ln/6,7/3], % = tany, arctan% =




16
2 g2 o

Pewemne.
x =apcosl, y=>bpsinfh
p€ell,2], 00,7/2], J=abp

/2 2
I:ab/ d@/ VA = p? pdp
0 1
1 T [? 9
1

T 1 2
I=—ab- 2 /4= )|
ab- 5 -3 (4 —p?) )
3
1= Y3on



4. 3AIIPEMUHE TEJIA

3ampeMuyHa MUJIUHAPUIHOT TeJia Jurja je jelHa OCHOBA
¢urypa D y paBHu Ozy, a APyTa OCHOBaA HOBPHI z = f(z,y)

V= / /D F(a, y)dudy



[17]

T: z=a>+9% 2=2*+y%), y=2, v’ =2, V=2

Pewemwe.

V=V-

Vi= // z? +y?)dady, ‘/2:// (2% + y?)dzdy

D={(y)|0<e<1l z<y<i}

V= //a:—i—y dmdy-/dm/ (2% +y?)

V35



KoJoKkBUIyM, 2003

T: 2> +y* =2z, 2=22+y,2=0,y>0, V=2
Peweme.

r=1+pcosy, y=psing

™ 1
Vz/ d<p/ (24 2pcosp + psing)pdp
0 0

T 2 1 2
V:/ (1+cos<p+sin<p):7r+
0 3 3

w

Jlpyeo peweme.
T =pcosy, y=psing

/2 2cos ¢
V:/ dcp/ (2 cos o + sin @) pdp
0 0

16 [/ 8 [m/? 16 37 8 -1 2
VZE/O cos4<pd<p—§/0 cos3<pd(cos<p)=§-£—§~jz7r+§



KoJIOKBUIYM, ?7?

22 + y?
2

T: 2=0, z= , (r—1)2 492 =1, V=2

Peweme.
x=14pcosp, y=psing, p<l0,1], ¢ € [0,27]

2 . 2
(1
V= // z? + y? dmdy—/ / + pcos ) —I—(psmgp) - pdp
27 p
/ dcp/ ( + p? cos p + >dp
2T 4 1
p> cosp 5 p ‘
V= dp | = —
/0 ‘p(4 gt 8) 0

2T :
3 cosp 3 sin ¢
V: —_ d = -
/o <8+ 3 ) v (8¢+ 3 )




Jlpyeo pewemne.
z=pcosyp, y=psing, p€0,2cos¢], € [-7/2,7/2]

2 cos ¢ 3 /2
/ dgo/ —dap— 2/ cost pdyp
—7/2 —7/2
7T‘/2 1 2
v 2/ < +0082<p> do
,7‘—/2 2

3 sin2¢  sindep
2(2
<8‘0+ PR )

w/2 3
= -7

|4 =
—m/2 4




5. IIOBPIIMHE PABHUX ®UTI'YPA

[ToBpmuuy P(D) ¢urype D MO¥KEMO JOOUTH aKO Y ABOJHOM
MHTeTrpatly Ha obiylacty D y3MeMo (GpyHENUjY f(z,y) =1

P(D) = //D dzdy



D: x?+y* <2z, |y <z, PD) =
Peweme.
r=pcosp, y=psing, J=p

g:-%gwgg 0<p<2cos8¢

P(D) = // dxdy = // pdpdp
D g
/4 2cos ¢
P(D):2/ dcp/ pdp =2 -
0 0
/4

P(D):4/O COSQQOd(ng-i-l

2
& 2 cos ¢
2 1o

I



b
Peweme.
P(D):/ dzdy
D
_r. ¥ _r_Y
_a+b’ YTa T
9 ab
G:v=u", v=u, J=-——
2
1 u
P(D):a—b/ du/ dv:a—b
2 Jy u? 2 Jo
ab 1 ab
PO =551



6. IIOBPIIIMHA OEJIA IIOBPIIU

[ToBpmunua nenma nmoBpmu z(z,y) HaM D je maTa ca

P://D,/l—&-zf—i—z?’fdmdy



z=x+y?, D: 2?+4°<1, P=?
Pewemwe.

Zho=2x, z,=2, 1+z7+z=1+42"+4

T

P:// V14422 + 4y? dxedy
D

z=pcosy, y=psing, J=p, 1+42%+4y*> =1+ 4p>
27 1

P:/ dcp/ V' 1+ 4p2pdp
0 0

™
P==(5%?-1
A )



23

2?2+ +22=d% D: 22+’ =ax

Peweme.

z=v/a?—2%2—y2 D: (x—a/2)?+y*=a?/4
r —Z r —Y

Ze = a2—x2—y2’ 2y = a2 — 22 — o2

—2//,/1+z'2 z/?dxd—Q// “dxdy -
Va2 —a? —y?

T =pcosp, y=psing
G: p=acosy, pe€l0,7/2]

w/2 pacos e
_ 9 / _apdp
Va2 —p?

P =2a? / (1 —sinp)dp = (1 — 2)a?
0
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