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SAIODAIDN

1 Heonpebenu unTerpasn

F: (a,b) — R je npumutusHa ¢yHkumja 3a f ako je

Va € (a,b) F'(z) = f()

/f(x)dac ={F | F je upum. ¢yurnuja 3a f} ={F+C, C € R} = F(z)+C

F ‘ sinx | ¥ | —e " | arctanx | Inx "t
1 1 ot
f |l cosx | €* e " — — ™ ‘
1+x T

Caaka Henperuana (QyHKIAja UMa TPUMUATHABHY

IIpumuruBHA QyHEOUja eneMeHTapHe (YHKOUje He Mopa OWTHU eineMeHTapHa (yHEMUIja. Ha
npuMep, 3a (yHKIUje

2 .
, T— —, x—e ', zrHsinz

NpUMUTUBHE (QyHKIUje HUCY eJIeMeHTapHe

1.1. [3axn.10, cTp.73]

3a ¢pyuruujy f:x— 5 onpemutu npuMmuTusHy F' 3a Kojy je F(1)=m.

1+
1.2. [Ban.4, crp.73]

Onpenutu 6ap jemHy TPUMUTUBHY (GYHKIU]Y 3a QyHROU)y f: o — el®l

1.3. [Huje u3 36upxe]
Hoxrazatu na ¢y F:xz— In(z+ Va2 +22) (a#0) u G: 2z In(x+ Va2 —a?) (x> a > 0)
1 1

IpUMUTHUBHE QYHEINUje 3a GyHEOUje [ : T — ug:x—

22 + a2 2 — a2

CgojcTBa MHTErpaJia

/k - f(x)dx =k - /f(x)d:z: (xomorenocT)

/ (F(@) + g(2))de = / f(@)dz + / g(x)dz (amrrmeroct)

/Zcifi(x)dm = Zci / fi(z)dz (nmuHeapHOCT)
i=1 i=1

Hanaxkeme narerpana — Tabauma + cBojcTBa




1.4. [Ban.14, ctp.74]

f(x):(x_l z? +2) I—/f Vi =7

52

1.5. [3&/1.15. cTp.74]

1—&-:527 /f Ydx =7

1.6. [3an.16, cTp.74]

f(z)

f(z) =tan?x, I = /f(x)dm =7

1.7. [3an.18, cTp.74]

f(x) = '2;33’ 1= /f(:c)dac =7

sin” x cos?

1.8. [Huje u3 36upke]
1
flx) = 22 I:/f(x)dx:?
1.9. [Huje u3 36upxke]

1
f(x):m, I=/f(m)dac:?

3amMmeHa MPOMEHJ/LUBE

Axo je

Taga je

Ha npuwmep,

u3 /dﬁ = In|z| + C umanmo /du(m) =Inlu(z)| +C
- u(z

)
d d
u3 / % _ arctanz + C umamo / ) = arctanu(z) + C
1+ 22

1.10. [Huje n3 36upke]

flz) = (a #0), /f )dx =7

a2+ 2
1.11. [Huje un3 36upke]

flz) = \/ﬁ (a>0), I:/f(x)da: =7

1.12. [3ax.29, cTp.74]
f(z) =tanz, I = [ f(z)dz =7




1.13. [3am.35, cTp.74 ]

sin 2x

fla)= M2 p_ / f(@)da =7

1+sin?z

1.14. [Huje u3z 36upxe]

2
I = /xefm dr =7

1.15. [Huje u3 36upke]

/fSlI’l*

1.16. [3ax.38, cTp.74]
f(z) =sin® xcosadx, T = /f(x)dx =9

1.17. [Ban.39, cTp.74]

I / arctaandx 9
1422

1.18. [3ax.43, c¢Tp.75]

[:/ﬂ:?
1+ a4

1.19. [3an.46, cTp.75]

=7

I= | —
/ V1—28

1.20. [3ax.47, c¢Tp.75]

I= /dif” 7
Va(l —x)

1.21. [3am.45, c¢Tp.75]

I:/ dx _
a?cos? x + b2sin” o

Merona cMeHe

o(t), ¢ - mpepennujabrHa

/f dx—/f /g(t)dt:G(t)+C:G(<p_1(x))+C

= ~1(x)) ako mocroju ¢!

1.22. [3axn.61, c¢Tp.75]

f‘/mfi—fw)




1.23. [Huje n3 36upke]

I—/ dx
) A +a)e
1.24. [3an.64, cTp.76]

I dx
B 22y/1 + 22

1.25. [3ax1.76, cTp.76]

I:/\/aQ—x2d:L', a>0

Cwuena ¢(z) =t
Axo je f(x) = g(v(x)), Tama cmenom () =t umamo
[ o= [ gtotands = [ g -

Iaxkme,

/}Wszﬂww»+c

1.26. [Huje n3 36upke]

I= /eeﬁ_“'dx

1.27. [3an.71, cTp.76]

I / cos(lnyc)daj

T

1.28. [Huje u3 36upke]

I:/ dx
1+e*

1.29. [3axn.74, c¢Tp.76]

1 1+
I= In ——d
/1—:102 T

1.30. [3ax.75, c¢Tp.76]

arctan \/x

RV TN

Metona mapumjaaHe MHTErpalyja

d(uv) = udv + vdu

/d(uv) = /udv+/vdu




/udvzuv—/vdu

Kopcurnu ce 3a /m” -{Inz, e sin ax, cos ax, arcsin ax, arctan ax } dz

/e‘“” - {sin bz, cos bz} dx

1.31. [3ax.90, cTp.77]

[:/m:?
(14 22)2

1.32. [Huje n3 306upke]

dzx
I — —_— :?
2 / (22 + a?)?

1.33. [Huje 3 36upke]
I= /\/aQ—i—xde =7

1.34. [Huje nz 36upke]

I—/ T hll—i—x
) V1i—a22 1-=x

dx =7

1.35. [Ban.113, crp.78]

I = / arcsin® xdr =7

1.36. [3ax1.110, cTp.78]

I = /a:2 arccos xdx =7

1.37. [Komorsujym, 2002 (36upka, IIp.9)]

I, = /arcsin” xdx, Besa I, u I,,_o ?




2 WHterpamnuja panmyioHaAJHUX (QyHKIHja

Axo je
Q(z) = ap(z — a1)™ (x — az)™ - (x — ay,)™

Tama cBakoM pakropy (z — a)¥ oaromapa 36up mapumjasEUX passoMaka

Ay As Ay
x—a+(x—a)2+.” (x —a)k

2.1. [Huje u3 36upke]

xdr
/ (z+ 1)(z+2)(z+3)

2.2. [3a1.132, cTp.79]

- — 3z —2
I—/f Viz, f(z _:r 33x 3x

R

2.3. [Huje u3 36upke]
z? 4 5 — 2
I=[| ————-d
/ @ - D@+
2.4. [3a4.133, crp.79]

dr — 8
I= | —————dz ="
/1374z2+4x v

2.5. [Huje us 36mpke]

/' dx
N R —
x3(x+1)3

Kowmmirekcue myie

Q(x) = Qi(x)(@* +br +c), b*—4dac<0
rze je Q1(z) Kao y IpeTxomHOM ciydajy

Az + B

Tpunomy z2 + bx + ¢ ogrosapa cabupax PR

/ Ax + B de
—— — dx ce cBOIM Ha
2 +bxr+c

2
/d(x +b:c+c)dx

_ 2
P N———— =In(z"+bx+c)+C

Py
(x—b)Q—i—az_aarCa a




2.6. [Huje us 36upke]

3xr —2
/x2+4x+13 ’

2.7. [Huje u3 36upke]

2.8. [Ban.141, cTp.79]
I / rdx 9
a3 —1
2.9. [Huje u3 36upke]

_/ dz L
) z(14a22)2

3 WHTerpanmuja HEKUX TPUTOHOMETPUjCKUX (PyHKIHja

Axo je f(x) = R(sinz,cosz), rae je R(u,v) panuonansa GpyHKIUja apryMeHaTa U U U, Tala Ce

cMeHOM tan 5= t uarerpanuja GpyHrnuje f CBOAM Ha MHTETPAIW]Y PAIVOHAIHUX ()yHKIU]ja.

2dt
r = 2arctant, dr=-—,
1+1¢2
. x
) ZSIH§COS§ 21
sSmmr = T 2x21+t27
cos? — + sin” —
2 + 2
9T .9
cos® — — sin” — 2
1-—t
cosT = 2 2 _

cos? g + sin? g 1+¢

. 2t 1—1t2\ 2dt
/R(smm,cosx)dxz/R(lthg’ 1+t2> 1+¢2

3.1. [3an.150, cTp.80]

I / dx
N 14 sinx + cosx
3.2. [3an.154, cTp.80]

1 —sinx + cosx
1+sinz —cosx

dx

Tpur. ¢. - Coenujanuu caydajeBu

R(u,—v) = —R(u,v), sinz=t

/ cos zdx _/ dt
sinz —3sinz +2 J t2—-3t+2




R(—u,v) = —R(u,v), cosx =t
/ sinz(1 — cos x) d;c:/ t—1 gt
cosz(1 + cos? x) t(14t2)
R(—u,—v) = R(u,v), tanz =t

-3 4
f ¢ 1
/Sm zdx:/ﬁdtzz+c:1tan3x+c

cos® x

3.3. [Huje u3 36upke]

/ dx
I = —
4 —3cos?z + 5sin“x

3.4. [Huje u3 36upke]
7 / 1— tana:dx
1+ tanx
3.5. [3an.161, cTp.80]

d
iy
1+sin“x

4 WHaTerpanmuja mpanuoHAJHUX (YHKIVja

1. dynrmuje obmuka R(z,vaxr +0b), +var+b=t

b b
2. dynkuuje obauka R (337 \ zjid> 5 N\/E =1

3. dymrumje obmmka R(x,va? —x?), x =asint
a

4. dynrnuje obaura R(z,/2? —a?), x =acosht numu z = "
sin

5. ®ymrumje obauka R(x, Va2 +a?), x =asinht wm z =a-tant

6. ®ymrmumje obmmka R(z,\ax?+br+c¢) - ceomn ce ma 3.,4. wmam 5., a mory u Ojnepose

CMeHe:

Var?+br+c=t—x\a3zaa>0
Var?+br+c=at—\/c3ac>0
Var? +bx+c=(x — )t 3a ax® + bx +c = a(x — a)(x — )

Kopucre ce tabanunm naTerpanu:

1/\/%:111(%—"_ l‘2+a2)+0
2./%:1n(x+ 22 —a?)+C
r“ —a

= arcsin — + C
a

3/dx
) Ve




a rakobe u mHTErpaaun:

4. /\/x2+a2d$:
5. /\/1’27(12(13::

2
6./\/@2—J:2dx—%arcs1nf—|— Va2 —x2+C

2
5L‘2—|—a2+%ln(1’—|— 2?2 +a?)+C

|8

2
\/12—a27%ln\x+\/x2fa2\+c

|8

1. [Huje us 36upxe]

Sy =

4.2. [Huje us 36upke]
1 1—=
I= [ ——¢ d
/ 1+z)2 Vit ’

3. [B3an.167, cTp.80]

. mf\/ﬁ
\/ﬁju/xf

4. [3am.169, cTp.80]

[ o=

4.5. [Huje usz 36upke]

1—/79”
V1i—22-1

6. [Huje us 36upke]
I= /\/(1:2 —1)3dx

7. [Huje uz 36upxe]

x
N
/ x2V/a? 41
8. [Huje us 36upke]

/ VaZ+1
=) T

4.9. [Huje us 36upke]

I:/\/x2+6xdx



4.10. [Ban.172, cTp.80]

S5x + 4

= | ———dx
Va2 +2x+5

4.11. [Huje u3 36upke]
I—/ xdx
Va2t +ax+1
4.12. [3an.171, crp.80]
I—/ z2dx
Vi +ax+1
4.13. [Ban.174, cTp.81]
/\/43@2 —4r + 3 dx
4.14. [Huje u3 36upke]
I = /xgx/4—x2 dx

4.15. [3an.170, cTp.80]

dz
I:/(l—f—m)\/l—i—aﬁ—xQ

5 Omnpebenu maTErpad

Y ci0Bu MHTErpabUIHOCTHA

HeonxogaH ycnos unterpabunHoctu
f €Rla,b] = [ orpanuuena ua |[a,b]
JosomHu ycnosu nHterpabunHoctm
1. f€Cla,b] = fe€Rab

2. f orpaHunueHa m uma KOHayaH Opoj mpekuna Ha [a,b] = [ € Rla,b]

x
Ha npumep, 3a f(z) = — u g(x) = —— umamo
sin x

1
fer[L2, f&R[-1,1, geR[-n/2,7/2], g¢g¢&][r/2,3r/2]

Byra Jlajorunosa dpopmyaa

Axo je f € Cla,b] m axo je F npumurusHa 3a f ma [a,b], Tana je

b
/ f(x)dx = F(b) — F(a) = F(x)

a

Ha npumep, (36upka - 3a1.32, crp.84 u 3a1.40, c1p.85)




¢ d(lnz) e 2 _
/ xlnx = /e =In(lnz)| =In(lne’) —In(lne) =1n2

Inx e

¢ d(l
/ :/ Lﬂ;) = arctan(ln )
1—|—ln x) 1 1+In“x

= arctan(lne) — arctan(ln1) = g

e

1

Axo je F npumutusHa 3a f Ha (a,b), Tana je

b _
/ f(x)dz = F(b_) — F(ay) = F(z) |

at

5.1. [Ban.41, cTp.85]
1

I :/ V4 — z2dx
0

5.2. [3an.45, crp.85]

/4
1:/ e .
0 1+ 2sin“x

5.3. [Huje us 36upke]

e
I:/ [Inz|dx
1/e

5.4. [Huje u3 36upke]

I*/ﬂ dx
~Jo 3+ 2cosz

Merona cmene
feclab, oeCWa,pl, ¢l@)=a, oB)=>b

b B
/ f(@)de = / () (Bt

e Ako je f memapna, Tanga je f(x)dx =
1/2 1
Ha npuwmep, / coszIn i Tdz =0
—1/2 1—2x

a

a
e Axo je f mapHa, Tana je fl@)dx = 2/ flx)dx
0

—a

5.5. [Huje uz 36upke]

I:/ Va2 — 22 dz,a >0
0




5.6. [Huje us 36upke]
V334

I = ——dx
1 x2vV4 — a2

5.7. [Huje u3 36upke]
V2
I:/ 234/16 — 28 dx
0

5.8. [Huje u3 36upke]

5
I:/ vV 2?2 — 4z dx
4

5.9. [Huje u3 36upke]

I_/‘IT/Q dr
Jo 1+sinz+cosz

5.10. [Komoksujym, 2002.]

/2 sin®
T Al
o sin®z+cosdx

5.11. [Huje u3 36upke]
I /7T rsinw de
o 1+ cos?x
5.12. [Huje us 36upke]

I_/‘n'/3 dr
 Jaja sinzcos’z

Merona nmapuujanne mHTErpanuje

b b
— vdu
a a

b
uw,ve CVa, b = / udv = uv

5.13. [Huje uz 36upke]

1/2
I:/ mln1+xdx
0 1

5.14. [3an.74, cTp.86]

I:/ 22 n? zdx
0

5.15. [3a1.80, ctp.87]

3 | x
I = / arcsin dxr
0 T + 1




5.16. [Huje nz 36upke]

/1 xIn(x + m)d:ﬂ
0 (1+22)

5.17. [3an.83, crp.87]

I, = / (a* — 2*)"dx, a >0
0

6 IIpumena onmpebenor maTeErpaJsa

IloBpmuna paBHE Qurype

3a ¢urypy orpanudeny ca y = f(z), y=0, z=a, z =0 je

P ' @)l

Ha npumep, (3ax1.85, c¢Tp.87)

s

T
y=sinz, 0<zx<m P:/ sinxzdr = —cosx
0

3a ¢urypy orpammueny ca y = f(x), y = g(z), x
=/ |

S=—(-1-1)=2

=a, r=0>je

b
P= [ 1@ - glo)ds

Ha npumep, (3an1.91, cTp.87)
y=sinz, y=cosz, 0 <z <7/4

/4
P= / (cosx — sinzx)dr = sinx 4 cosx
0 0

/4

V2

2

2
+§—0—1:¢§—1

6.1. [3a1.99, cTp.88]

—x

y=In(l+z), y=—-xe*, z=1

6.2. [Komoksujym, 2008]

y:ﬁ, y=1z=0, P=?
6.3. [Huje u3 36upke]

Vi+tvVr=a(a>0), =0, y=0
6.4. [Huje u3 36upke]

y:,fC—l, y2=33+1

Ily>kuHa JiyKa KpUBe JUHUje

b
y = f(z), = € [a,}] l:/ V1+ f2(x) do




d
r=g(y), y €[c,d] l=/ V149" (y) dy

to
r=(t), y=9(), t€ftita] 1= [ (t)+¢2(t)dt
ty
s
p=p(p), ¢ € la,p] l=/ VP2t p?dy

6.5. [3an.112, cTp.89]

f(:v):%Q—lnTx, x € 1,3

6.6. [3an.115, cTp.89]

y:ln(xQ—l)7 2<x<5hH

6.7. [Ban.117, c¢Tp.89]

2

y = In(sinz), §m§?

w3

6.8. [Huje u3 36upke]

, x€][l,2]

6.9. [Huje us 36upke]

$2

Y= -5~ 1 ucoonm x-oce

6.10. [Komorsujym, 2003, a u 2006]

y =12 — 48+ 4V/6In(z + 22 —48), T<z <8
6.11. [3a1.123, cTp.89]

z(t) = acos®t, y(t) = asin®t (Acrpouna)
6.12. [3am.124, cTp.89]

x =a(t—sint), y=a(l —cost), t € [0,2n] ([urnouna)
6.13. [Komorsujym, 2002]

z(t) = 2V2v/1 — 2, y(t) = tV/1 — 12, te[0,1]

BaHPGMHHa POTaMOHOT TeJa

b b
y=f(z), x €la,b] V, :7r/ f?(z)dz, Vy:27r/ |z f(z)|dx




d d
r=g(y), yeled Vy=n / )y, Ve = 2m / g (w)ldy

C 5 C
v=p(t), y=v(t), telof Ve=n / G0 (1)t

or (P 3 .
p=p(0), € la,p] V:? p°(0) sin 6do
«
6.14. [Huje us 36upke]
22 g2
CAl=1 n= v =

6.15. [Huje uz 36upke]

y=sinz, =0, y=1 V, =7
6.16. [Huje us 306upke]

y=¢e¢", =0, =2 y=0, V,?
6.17. [3am.146, cTp.90]

=2z, y=2 =0, V,=?

6.18. [3axn.147, crp.90]

6.19. [3an.155, cTp.91]
y=2zx—xz2y=0, Vy =7

6.20. [Huje u3 36upke]
y=2x—-2%y=0, V,=?

6.21. [Huje uz 36upke]

z® + ?J2 = 7‘2, (x — 7”)2 + y2 = TQ, V =7 (3ajemanunm meo)

6.22. [Huje us 36upke]

y:mQ, Sx:yz, Vy =7

IloBpmuHa omoTaya poT. Teaa

b
y=f(x), = €[a,b] Pz=27r/ yV1+y?dz

d
z=9(), y €[ed] Py=2ﬂ/ a1+ 272 dy
c




B
v=(t), y= (1), t€la,f] Pp=2r / BOVFEE) + 02 () dt

B
p=p0), 0€la,0] P= 27T/ p(0)\/p%(8) + p'?(0) sin 6d0

6.23. [36upka, 3a1.160, cTp.91]

y=2% 0<x<1, orko z-oce
6.24. [Komorsujym, 2009]

Inx
y:xQ—?,\/ngge, OKO T -0ce

6.25. [Huje uz 36upke]

Yy = 123 T = 927 Ve :?7 P, =

6.26. [Huje uz 36upke]

y=sinz, z€0,7]

7 HecBojcTBEHU MHTErpaJIN

29072272229

8 JIBojHM MHTErpaJm

IlekapTOBe KOODIUHATE

//f:cyda:dy—/daf/fxydy—/dy/f:cy

D={(z,y) [z €la,b], y(x) Sy <ya(x

D = [a,b] x [¢,d]

D={(z,y) |y € lc,d], z1(y) <z < wa(y)}

fagdzdy = [ ay [ fw)de
D Je z1(y)

8.1. [Huje u3 36upke]

2
T
//D 1+y2dzdy, D =[0,1] x [0, 1]




2. [33ax.18, cTp.99]
// (23 +9®) dedy, D je obmar orpanmuena mpasama y = /2, y = u ¢ = 4
D
8.3. [Huje u3 36upke]

// xfzdi1 D =[0,1] x [0,1]

8.4. [Huje uz 36upke]
//D(J;—Fy)dxdy, D: y? =2z, 22 =2y
8.5. [Huje u3 36upke]
// (2 +yHdady, D: y=x, y=2+1, y=1, y=3
8.6. [Huje uz 36upke]
//nydazdy, D: 2 +y?’=1, 2> +y> =2z, y=0
7. [33ax1.25, cTp.99]
//Dx2y2mdmdy, D={(v,y) : >0,y >0,2°+y* <1}
8. [Komoksujym, 2002]

I://x~sin|y—x2\dmdy, D={(z,y) : 0<z<+/7/2,0<y <7}
D

Cwmene IIPOMEHJ/LUBUX

F:G—-D, F:(uv)w— (z,y)

D
= x(u, U)a Yy = y(u,v), dxdy = |J|dudv, J = (:z:,y) _

Bakn
_ D@y 1
D(u,v)  D(u,v)

8.9. [Huje u3 36upke]
// (z* —y?)dedy, D;z+y=1 z4+y=3 20—y=2, 2x—y=—1
D

8.10. [Huje us 36upke]

dxdy, D:z+y=1 =0, y=0



8.11. [Huje uz 36upke]

//sm—dmdy, ry=oax,y=0x, zy=a, z>0,a>0,>a>0

Ilosrapuae KoOpAVMHATE

z=pcosyp, y=psing, J=p
3a 2% +y* < R? je (p,¢) € [0, R] x [0, 27]

Enuntunuke KoopAuHaTe

x=apcosl, y=">bpsinh, dxdy= abpdpdd, J = abp

8.12. [3ax1.35, cTp.100]

// Va2 —a? —y? daedy, D= {(z,y)|2®+y* <d®, >0, y>0}

D
8.13. [3a1.36, cp.100]
NErl

// s er —F————dady, D ={(z,y)|7°/9 <a®+y> <7?}
8.14. [Huje us 36upke]

I://(172x73y)da:dy, D:z2+y*<R

D

8.15. [Komoksujym, 2004]

dxdy
//pm D:a’+y?=dz, 2® +y’ =82, y=0, y=u

8.16. [3a1.37, cTp.100]
I:// R2— a2 —y2dxdy, D : a2°+y*<Rzx, y>0
D
8.17. [3am.38, cTp.100]

I:// aurctangdxdy7 D:a4+yi=1, 22 +¢y*=9, y=—u,
D x

8.18. [Huje us 36upke]

2 2 2 2
/4 y . T y € Yy




9 IIpumeHa OBOjHOT MHTErpaJia

3anpeMHHe TeJaa

3anpeMuHa MWIMHAPUYHOT Tejla uuja je jemHa ocHoBa ¢urypa D y pasuu Ozy, a apyra

ocHoBa mospml z = f(x,y)
V=[] fwsdy
D

9.1. [3an.48, crp.101]

z2=42>+2y°+1, c4+y—3=0, 2=0, y=0, 2=0
9.2. [3an.53, cTp.101]
z=ay, 2=0, (-1 +(@y-1)*=1

9.3. [3an.57, crp.101]

z=a>—2% P +y*=d® =0, y=0,2=0

9.4. [Ban.62, crp.101]

x2+y2:2x, x2+y2=2y, z=x+4+2y, 2—0

9.5. [Huje u3 36upke]

T: z=249° 2=20*+v%), y=2, v’ =z, V=

9.6. [Komoksujym, 2003]

T: 22 +y’ =2, 2=2x+y, 2=0, y>0, V=2

9.7. [Konoksujywm, ?77]

2 2
T 2=0, z:%, (z—1)2+y2=1, V=2

IloBpmune paBHUX Purypa

HMospmuny P(D) ¢purype D MoskeMo 1o6UTH aKO Y JBOJHOM MHTErpaiy Ha obnactu D y3zmemo

dyurmjy f(z,y) =1
P(D) = //D dxdy

9.8. [3an.73, crp.102]



9.9. [Ban.74, cTp.102]

a a
x2+y2:a2,x+y:a,y: ax203y25aa>0

2
9.10. [3axn.75, crp.102]

ry=a% ?=ayy=2a, =0, a>0

9.11. [3axn.79, cTp.102]

2 2 2 2
¥y +b ¥y +a
= = b>0
T 5 , T 27g ,a>b>

9.12. [3an.77, crp.102]

2 2 2

(r—a)’+y*=d®, 2 +(y—a)’=a

9.13. [3ax.78, cTp.102]

2?24y =202 =0, 22 4+y* —ar=0

9.14. [Huje u3 36upke]

D: 2 +y? <2z |y <z, P(D)=?

9.15. [Huje us 36upke]

(TN Ty 5
D (a+b) =>-2 y=0, P(D)=!

IloBpmuna mema moBpmm

MMospmuna nena nospum z(x,y) van D je mara ca

P= //D L+ 22 + z2dzdy

9.16. [Huje u3 36upke]

z=a>+y?, D: 2?+y*<1, P=?

9.17. [Huje uz 36upke]

:z:2+y2+:r2:a2, D x2+y2:a:17

9.18. [3am.88, ctp.103]

W3pauysaTu noBpmuny aejaa kouyca r2 + 32 = 22 koju ucena mumunap x? + y? = 2az.

10 TpojHu mHTErpaIU



PEIIE b A

1.1. Jemna mpuMUTUBHA je arctanx

Ckyn csux npnmutusanx je {arctanz + C, C € R}

3
W3 ycaosa arctanl 4+ C =7 caemu C = e

3
F(z) = arctanz + Iﬂ-

1.2.
e‘zl _ ew, X Z 0
e, x<0

3a x > 0 npumutusue cy e* + A, A€ R
3a = < 0 npumutusae cy —e *+ B, BE R

3a z € R npumutusHa QpyHKmrja F' Mopa 6utn mupepennujabuinna (Hakie, U HEIPEKUIHA) Y
Taukn T = 0

Ha mpuwmep,

et —1, x>0
Fl)=4 _,
—e 41, x<0
1.3. )
L+ s _Vattadi+u 1 1

F'(x) =

r+vVeZtaZ Vil ta? .a:+\/a:2+a2 Va2 ta?
Cauuno je u G'(z) = g(x)

dx

Va2 £ a?

YBpcruru y rabianvHe / =In(z + Va2 £ a?)

1.4.

1 1
f(x):@(37x2+2x72):7m77+ ffffff —

1 "d
3aa7§—1je/x°‘da::7:ca+1+0,/—I:ln|x|+C’
x

a—+1
11 1 2 2 —1
I = Z.222— g4+ Zmlz-2.- 2 +¢C
5 0% “pttghllogo o4
1, 1 2 2 1
— 224l o’
0% "t Tyl ot
1.5. , ,
x“+1-—-1 e+ 1 1 1
f(x): 2 = 2_ 2:1_ 5
1+ 1+ 1+x 1+x

" od
e = arctanz + C
1+ 22



I =2 —arctanx +C

1.6. ) )
sin”“ x 1—cos“z 1
flz) = = = —1

cos? x cos? x cos? x

d
/i:tanx—i—C

cos? x

I=tanz —a2+C

1.7. ) )
sin“ x + cos® x 1 1
xr) = = + —=x
/(@) sin? z cos? © cos2z  sin?
d
/%:—cotx—l—C
sin“ x
I =tanz —cotx +C
1.8.
1 1 a+x+a—=x
fa) = (a—2z)a+z) 20 (a—a)(a+x)
1 1 1 dx
= _ +7,
20 a—x 2a a+zx
1 11 da
T 2 a4z 2 zT—a
1 dzx 1 dzx 1 T+a
I=— - — = —1 C
2a/a+aj 20 | T—a 2an — +
" dx 1 T
YBpcTUTH y TabindHe /i:—ln ria +C
J a? —x2 2a —
1.9. ) )
1 14z24+1—2z 1 1 1 1
flz)=="- 5 ~ =z S+ 5
2 1-22)(1+4+2%) 2 1-=x 2 14z
1 dx 1 dx 1 z+1 1
== - =1 —arct
2/1—x2+2/1—|—x2 2llx—1‘+2mam+c
1.10.

1 dlz/a) 1 du 1
a/1+(x/a)2 75/1—&—112 fgarctanquC

1 T
Ilakne, I = — arctan — + C
a a

dx

1 T
— 5 = —arctan — + C
a“ +x a a

YBpcrurn y Tadbamune /




1.11.
du

Harne, I = arcsin —-+C
a

= arcsinu + C

= arcsin — + C

2
J Va2—22 = a

YBpcturn y Tadbamune

1.12. . ; .
I:/ sin x :_/ (cosx) :_/ u(x)’ w(z) = cos z
cos zdx cos T u(x)
d
7/—u:fln|u\+0:fln\cosx|+0
u
1.13. )
2sinz cosz d(1+sin“z du
/f(x)dx:/i_gd :/(7.2): —
14 sin“2 1+4sin“2x U
du . 9
I= | —=Inju/+C=h(l+sin"z)+C
u
1.14. 1
Iz—f/e_ﬁd(—xz):—i/e“dU——fe“—l—C’——f T+ C
1.15.

I:—/sin1d<1> :—/sinudu:cosu—i—C:cosl—l—C
T \T T

1.16. /f(x)dxz/sinSxd(sinx)z/u3du

4

1 sin” x
I: 3 = — 4 =
/udu qut+C T+

1 . 1 ]
1.17. I = /arctan2 zd(arctan x) = /quu = gud +C = 3 arctan® z + C

1 d(z?) 1 du 1 1 9
1.18. 125/m25/m:§arctanu+c:§arctanx +C

1
1.19. I = —

4/\/1—(954)2:4/\/@:4

1
arcsinu + C = 1 arcsinz* + C

1.20. I =

[ w2 v =

I =2arcsinu + C = 2arcsinv/z + C




dx 1 d(tan z) tanx
1.21. I = s =3 2= 2
cos? z(a? + b2 tan*z) a? ) 1 (% tan z) a2 b 1+ ( tanx

1 d 1 1 bt
I=— e = —arctanu + C = — arctan ane +C
ab ) 1+u2 ab ab a

1.22. e =t =p(t), Ve =13, Yo =1> de=6t2dt, o' 12— Vx

5 dt t2dt 1+¢2 dt
I:/Gi:(i/i:G/Ldtfﬁ/i
t3(1 + t2) 1+¢2 1+¢2 1+¢2

I =6t —6arctant + C = 6(/z — arctan v/z) + C

1.23. z =12, de =2tdt, t = \/z

2tdt dt
I:/mZQ/W:2arctant—|—A:2arctan\/5—|—A=F(l‘)+A

r=1/t? dv = —2dt/t*, t = 1/\/z (apyra cvena)

dt 1
I= —21+7 = —2arctant + B = —2arctanﬁ +B=G(z)+B

1
F(z) = G(z) + C, omaocno 2arctan/z = —2arctan 7 +C
x

=-2- 1 + C, C =7 Ilakie, BaXKu je THAKOCT

1
arctan v/ + arctan — =

Jz

Barx=1: 2-

vl 3

t?+1

1.24. 2 = 1/t, do = —dt/t?, 1 +2? =1+1/t* = =

I__/@ et /
2 V1412 \/1+t2

1 [d1+#)
I =— —V1+t24+C=—/1+1/224+C
Vit /

1.25. x = asint = ¢(t), ¢ - va (—7/2,7/2) uma uaBep3Hy (MOHOTOHA j€)
1 . T
@~ ix—t=arcsin —
a

2
I:/\/a2—a2sin2t~acostdt:aQ/COSQtdt:%/(1+cos2t)dt
a? 1 . a? R
[=— t+581n2t +C’:?arcs1nf+§\/a27x2+0
a

I = /eeﬂ e %dr=— [ eldt=—e'+C
N——
—dt
I=—¢"+C

1.27. Y(z) =Inz =t, de/x=dt

d
I= /cos(lnx)—m = /costdt: sint + C =sin(lnz) + C
x



dt

1.28. Y(z)=1+e"=t, e*=t—1, x=In(t—1), dx:t

—1
dt t—(t—1) dt dt
I= dt=[| — — =lnljt—1]—-In|t|+C
/(t—l) /t(t—l) /t—l 7 -l +
x
—mh—4C
14 e”
1 1 1-— 1- 1 2d
120 ity g (miE® ) oy, Lo Lozt (rn) g 2
- —x 1+ (1—2)2 1— a2
1 1 ¢2 1+z
T=2 [tdt==> = 12 C
2/ 22~ -2
1.30. arctan+/x =t, d(arctan+/z) = dt L-d—I:dt
’ "1+ 27
I:/t~2dt:t2+C’:arctan2\/:E+C’
xdx
1.31u=xndv=m
1 1
du:dacmv:—§ T2
I=— :c +1/ de :c +1arctanx+0
21 +a22)  2) 1422 2(1+422) 2 '

" dx
1.32 Il - m

Ako 3a mHTerpas I; nmpuMmeHnMoO napiyjansy uHTerpannjy (dv = dz), nobujamo

x r?dx x
L= 2 = 21 — 201
1= a2 + /(x2+a2)2 22 + a2 + 2l =207

1 T + 1 1 T n 1 ¢ T LC
— - 4+ | =—— - ——— 4+ ——arctan —
262 22+a? ' 2a2 ' 242 22 +a? ' 243 a

1.33. u=+Va?+ 22, dv=dx

T
du=m> V=2
xrodx a? + 22 — a?
I = x\/aQ—i—mQ—/ =zva®+ 22— /
1/012_~_l.2 1/012_~_1.2

= zva2+ a2 —T+ad’*ln|z++a?+22|+C

2
I:g a2+x2+%ln|x+\/a2+x2|+0




1+x d xdx
=In ,dv = ——
1—2a V1= 22

l—2z 1l—z+1+x 1 [d(l—2?)
du = . d =—— | — = —\/1—22
YT e (1—x)? v 2/) V1-2z2 v

—\/1—x2ln1

1+ dx
=—y1-—221 2 =
’ n1—$+ /\/1—962

T + 2arcsinx + C
—x

arcsin x

— 2 — — E— =
1.35. u = arcsin” z, dv = dx, du = QWdaz, v=u=
T arcsin x
I=gx-arcsin®z —2J, J= | —F—=dx
V1—2?
xdx

3a J: u=arcsinx u dv =

V1—22
dzx

du = ——umv=—v1-—22
V1 — 22

J=—vV1—-z%2arcsinz +x+C

I =z-arcsin’x + 21 — x2 arcsinz — 2x + C

1.36. u = z? u dv = arccos xdx

= garccosz — /1 — x2

v = /arccos rdx = xarccosx + / \/172
— T

I =2a2%arccosz — 224/1 — 22 —2]+2/x\/1—x2dx.
3I:x3arccosx—x2\/1—x2—|—2/x\/1—x2dx
1
31 = 2% arccosx — 2%\/1 — 22 — g\/(l —x2)3

1.37. w = arcsin" z, dv = dx

. - arcsin”~
I, =x-arcsin"z —n d:z:—z arcsinx —n - J

V1—z?

x
3aJ: w=arcsin" lx, dv= fﬁ’ v=—1-— 22
—x

J=—V1—22 arcsin” 'z + (n— 1)1,

I, =z -arcsin®z +nv/1 — 22 - arcsin® 'z — n(n —1)I,_o

2.1.
A4 B C

(x4 1)(z+2)(x +3) 7x+1+9c+2+33+3
r=Ax+2)(z+3)+Blx+1)(z+3)+Cx+1)(z+2)

SBax=-1cremu A=-1/2
Baxr=-2cnemm B=-2
B3axz=-3cuemu C =—-3/2



1/ dx / dx 3/ dx

I —= + 2 - =

2 r+1 r+2 2 T+ 3

1 2

—§1n|x+1|+2ln\x+2|—§1n|:6+3\+0
(z +2)?

e T 1 1 3P T
2.2. ) )
@) at—ad =22 43— a2 — 2 —x—2 1 T+ 2
xXr) = =7 -
3 — a2 -2z z(z?2 —2—2)

T+2 A B C
z(r—2)(x+1) :E+x—2+x+1
r+2=A(x—-2)(x+1)+ Bx(z+ 1) + Cax(x — 2)
Bax=0,2=A-(-2)-1, A=-1
Baz=-1,1=0C-(-1)-(=3), C=1/3
Baz=2 4=B-2.3, B=2/3

=% .l dﬁj/ﬂ_}/ﬂ
T2 x 3) -2 3) x+1

72

2 1
[:?+x+ln|x|fgln\zf2|f§ln|:r+1\+c

2.3.
?+5x—-2  2P*+b5z-2 A N B N C
(22 —1D)(z+1) (z—-D@+1)2 2-1 (z+1)2 241

Baz=1jel124+5-1-2=A-(1+1)2, 44=4, A=1
Bax=—1je (-1)245-(-1)—2=B-(-1—1), B=3
Baz=0je—2=A-B—-C,-2=1-3-C,C=0

dx dx 3
I= 3- [ —— =llz—1|- —+C
/mfl—i— /(z+1)2 nle —1i x+1+

2.4 5z — 8 _ bx -8 7é+ B n c
T —da2+dr z(z-22 . -2 (z-2)2

50 —8 = A(x —2)> + Ba(x — 2) + Cx

Baz=0, -8=A-4 A=-2 3az=2 2=C-2, C=1
5z —8=—2(x —2)? + Bx(z —2) +z

3ax=1 —3=-2+B-(-1)+1, -2=B-(-1), B=2

dzx dx dx 1
I=-2| —+2 | — — =21 21 -2 - —+4+C
/x+ /I*Z—’_/(I*Q)Q nlzl + 2Infe | x72+

—92\? 1
Izln(w )— +C
X




2.5.
1 _A,B.C_ D  E F
w3z +1)3 23 22 oz (2+1)3  (2+1)2  z+1

Az +1)* + Bx(z + 1) + C2*(z + 1)* + D2 + Ex®(z + 1) + F2d(z + 1)? = 1.

3a x =0 mobujamo A =1, a 3a r = —1 mobujamo D = —1

Br(z +1)* +C2*(x + 1) + Ex®(z + 1) + Fo¥(z +1)* = —3z(z 4+ 1)

B(x+1)*+ Cx(z +1)? + E2® + F2?(z +1) = -3
3a x =0 nobujamo B = —3, a 3a ¢ = —1 nobujamo E = -3
Ca(x+1)* + Fr(z + 1) = 6z(x + 1)
Clx+1)+Fx=6
3a ¢ =0 mobujamo C =6, a 3a * = —1 mobujamo F = —6
Iz—%—kg—i—ﬁlnx—i— 2(:5—1%1)3 +x—?|)—1 —6ln(z+1)+C

2.6.
I_§/2x+4—4—4/3
) 22 +4x + 13
2 4 2
IZ%/LM_S/M
2) 22 +4x+13 (x +2)2 + 32
3 2
I:§1n|x2+4x+13\—§arctanx+ +C
2.7.
x5 —1 9 2 —1
x*—x+
3+ 224z 3+ 4z
3 z? z? -1
I=——-"—+J J= d
3 2 + 3+ 2+ v
x? -1 A Bx+C

(2 +x+1) ;—’—x?—f—x—l—l
P —1=A@*+2+1)+Br+Clz=(A+B)x* + (A+C)z+ A
A=1, A+B=1, A+C=0,B=2, C=1

-1 1, 2o+l
B2+ oz 224+l
9 2 +z+1
J=—-Inlz|+Inz*+z+1)+C=n|——— |+ C

x A n Bz +C
-1 -1 22+4+z+1
Barx=1 1=34, A=1/3; Baxz=0, 0=A+C-(-1), C=1/3
Baz=-1, ~1=A-1+(-B+0C)-(~2), -1=-1/3+2B, B=—1/3

2.8.




1 [ de 1 z—1 1
== e B A Ny YRS | R L |
B/x—l 3/x2+x+1x gle—1l=3 2/x2—|—x+1x

1 1 fdx*+x+1) 1 dx
I=Zljz—1]-- [ 52—
3 6/ 22+x+1 2 (x+1/2)2+ (V3/2)2

z+1/2

1 1 1 2
I=-Injz—1--In(z*+z+1)— - -—a +C
3n|:c | 5 (22 +x+1)— 35 rc \[/2

1 _é+Bm‘+C’+ Dx+ FE
(14222 =z 1+22  (1+a?)?
1=A1+2*)% + (Bx+ C)x(1 +2%) + (Dx + e)x

2.9.

3a x =0 mobujamo A =1

Saz=i, 1=(Di+E)i, 1=-D+Ei, D=-1, E=0
=(1+2%)?+ (Bzx+O)x(1+2?%) — 22

Bax=1, 1=4+(B+C)-2-1, B+C=-1
Bazx=-1, 1=44+(-B+C)-(-1)-2-1
—2=(B-0)-2, B-C=-1,2B=-2, B=-1, C=0

dz xdx xdx 1 o 1 [d(1+2?%)
5 e e g - [

1
[ N i +C

Vit 2(1+2?)

3.1. tanfzt dmzLdt sinac:i (:osas:l_it2
2 7 1+¢27 142’ 1+¢2
B 1 2dt [ 2dt [ dt
_/1+ ot 1—t2'1+t2_/2+2t_/1+t
1+ ¢2 142

I:1n\1+t\+C:1n(l+tang)+C’

2
—nEtie 14224182 1t
1—t2 2 _ 2

1+1+t2_1+t1 L+ 824+2t— 14+ t(1+1)

B (1 —t)dt
I_Q/t(t+1)(t2+1)

t2

3.2. f(x) =

1-—-t¢ A B Ct+ D
—_— —_—t =1,C=0,B=D=-1
tt+ 1) (2 +1) t+t+1 241" ’ ’
dt t
I1=2 =21 — 2arctant + C
/ /t—l—l /t2—|—1 nt—l—l arctant +
tanf L C
tan +1 o
3.3. tanz =1t

dz dt 1
I = = = - tan(3t C
/ COSz x + 9sin2 T / 1 + (3t)2 3 arc an( anl‘) +



3.4. tanx =1t

1=/

/
/

In |

MebyTuMm, Moske u 6e3 cMeHe,

1161+ 82)

1-1¢
dt

cosx —sinx

sinx + cosx

d(sinzx + cos x)

sinx + cosx

sinz + cosz| + C.

1—cos2t: 9

1

3.5. tanz =t, tan? ¢ = t2, 5
cos=t

dx/ cos? x dt

=1+

)

cos?t
dt

- |

f/1+ V2

I= ﬁ arctan(\ftanx) +C

1/coszx+tan2x 241412

B 1

-

L. arctan(v/2t) + C

1+ 2t2

1 1

Moxe n

1+sin?z  cos2z + 2sin’z

T cos?z 14 2tan’z

4.1. V1—z=t,z=1—t>, de=—-2tdt, c+1=—t>+2

dt 1. [t—V2 VI—
1:2/:7—4:—4 J7+C In J7+C
=2 V2 |t+V2 Jﬁ V1fx+¢7
1—
4.2. "=
1+
R
1t (1+13)2 143
3 3 3 /1—z\"?
I=>[Bdt=-t"+C== C
2/1 g T 8<1+x> *
r+1 r+1 1+t 4tdt
Va—1 " " z-1” T e YT T )2
:EJrl
Vo1 b "1 tdt
I= A
m+1+1 t—-D(t+1)
SR SR S SRS DS SR SO
@—1ﬂﬁ+) 8 t—1 8 t+1 4 (t+1)2 2 (t+1)3



1 1
I=—§MH—H+§MH+H—

t+1

1 1

+m+c

1 t+1 t z+1
I=-In|—|—-—=+C, t=
QHL—ll Griz @ Vz—1
44 1-2)V1-22=1-2)/I-0)1+2)=1-2)1+2) l_x
x
l—z o, 1—¢2 —4tdt 2t2
s = R = s,l—r=——, 1—'—1’:
1+x 1+¢2 (1+¢2)2 1+¢2 1+¢2
4tdt dt 1
2t 2 12 t
(14-12)2 -t
142 1+4+¢2
1
=/, ¢
1—2
Hpyro pewerse.
r =sint
dt 1 int
— [ e
1 —sint 1 —sin“t
1+sint
_ / + sin dt:tantf/d(COSt)
cos?t cos? t
1 int+1
= tantt+ —— +C0=20000
cost cost
sint + 1 z+1
= = +C
V1—sin2t V1-2?
1
_ —|—x+C
1—x
4.5. ¢ =sint
;o /costdt
cost — 1

/dt—/ dt
1 —cost

/ 1+ cost
b=~
sin“ ¢t

dt

1
t—}—cott—}—,—t—i—C

arcsin x +

S

Vv1—22

X

+=+C.
x

4.6. x = cosht




~
Il

/ \/ (cosh? t — 1)3 sinh tdt
= / sinh? tdt

1
= 1 /(cosh 2t — 1)%dt

1 9 1 1
= Z/cosh tdt—§/cosh2tdt+z/dt

1 . 1 . 3
= §s1nh4tfzsmh2t+§t+0.

Kako je

t = arcosh z = In(x + \/ﬁ),
sinh 2¢ = 2sinhtcosht = 2x\/ﬁ,
sinh 4t = 2sinh 2t cosh 2t = 4x\/xT—l(2x2 - 1),
nMaMo J1a je
I = %x(2x2—1)\/ﬁ—%x z2 -1+
g In(x + \/ﬁ) +C.

4.7. x = sinht

/ cosh tdt
I = IR
sinh” t cosh ¢

B / dt

B sinh? ¢

—cotht+C
V1+ sinh? ¢

- sinh ¢ +0C

1 2
- e

4.8. r =tant ; 1
COS
I:/%dt: ——;+C
sin™ ¢t 3sin”t

sin? ¢ _ tan? ¢ oz
sin®t +cos2t 14+tan®t 1 +a22’

Kako je
2

sin’t =

TO je sint = na je

x
V1422’
LT,

3 3

4.9. I:/\/(x+3)2—32 d(z +3)



t 2
/\/tz—a2dt: 5\/t?—oﬂ—%ln|t+ V2= a2 +C
3 9
I:x; \/x2+6x—§1n|x+3+\/x2+6x|+0

4.10.
P B[ mEss
Va2 +2x+5
_ 5 2x+2 /
\/x2+2m+ \/x2+2x+
B 5/d(x +233+5 /
2Vx2 +2x+5 iz +1)2 422
= Sval+2x+5—In(x+1+Va2+2x+5)+C
4.11.
;o 1 2w+l /
VaZtz+1 \/gcz—i—w—l—
1
= \/x2+x+1—21n<x+2+ x2+x+1>.
4.12.
;- [ el ﬂdx_,/i
Va2 +ax+1 Va2t 4+x+1 Va4 zx+1
2¢ 4+ 1
= z+122+34dz7/ /
/\/( /2 / 2va? +x+1 \/x+1/2 )2 +3/4
1/2
_ otz 2?+r+14 - lnx+1/2+\/x2+x+

2

—\/x2+x+1—§ln($+1/2+\/$2+7$+1)+0
2 1 1
- <x+ 1) x2+x+1+<22>ln(x+1/2+\/x2+x+1)+0

4

2z — 1
= x4 3\/:r2+x+ —gln(x+1/2+\/x2+x+1)+0

4.13. I:/\/(2x—1)2+2d1:, 20 —1=t, 2de =dt

1
I = 5/\/t?+2dt
1/t 2
= 2(2 t2+2+1n(t—|—\/t2+2)>—|—0
ln 20 — 1+ /422 — 4z + 3

422 — 4z + 3

4.14. r = 2sint



I = /4sin2t~2cost~2costdt: 16/sin2tcosztdt: 16J

1—cos2t 1+ cos2t

2 2

1
= —(1—cos*2t :1 1—-
4(

sintcos?t =

— — —cos4t
2 8

8

1+ cos4t 71 1
1 =

1 1 . 1 .
I=16J =16 <8t— 3251n4t) +C =2t — ism4t+C
Kako je

sin 4¢ 2sin 2t cos 2t
= 4sint-cost - (cos?t — sin?t)

= 4sintV1 — sin? t(1 — 2sint)

TO je
I= 2arcsin% - %\/4—3:2(2—332) +C
Hpyro pewerse.

1
u=uwx, dv=12vV4—2%de, du=dx, ’U=—§(4—I2)\/4—ZC2
1
I= —%(4—332)3/24— 5(4—x2)\/4—x2dx
- 4 1

I:f£(4fx2)3/2+7/\/47x2771

3 3 3
4 z 2372 4
gf:—f(4—:17) +§J, J= [ V4 —22dx

3
J:/227x2dx:2arcsin§+g\/4fz2+0

I=—z(4—2?)>? +8arcsin§ +2zv/4—22+C

2

1
I:2arcsin§+x\/4—x2 (2—1—1—2) —&—C’I:Qarcsing—i—g 4—22(z*-2)+C

4.15. Ojneposa cmena V1 +x — 22 =tx —1
l+x—a? =t —2tx+1, 2(1 —2) = 2(t?z — 2t), 1 —z =t’z — 2t

142t 24t
L P Ll ke
241 (12 +1)?

142t 24+t—1
Vidzrz—22=tz—1=t- tet_ v

2+1 241

2+ 2t +2
1 == =
T 241
241 +1 24t-1 dt
1:72/ R e e dt:fg/i
24+2t+2 2+t—-1 (2+1)2 1+ (t+1)2



I = —2arctan(t + 1) + C = —2arctan
x

1+x—|—\/1—|—x—x2+0

2
5.1. /\/@2 — 2%dx = %arcsing + g\/cﬂ —224+C

22

F(w)z;arcsing—i—g 4 — 2
1 3
I:F(:r)‘ = 2arcsin - + — \/ -1= z+£
0 2 3 2
I = E,+_}{§
3 2
/4
- I—/ :/ d(tanmg
cos2x+3sm T o 1+3tan‘zx
/ \ftanx)
1+ \ftanx)
/4
I:— arctan(v/3 tan z)
3 0
1 s
I = —arctanv3 = ——=
V3 3V3

1 e
5.3. [ = —/ lnxdx+/ In xdx
1/e 1

/1nxdm:xlnx—x+0

1
I= —(wlnx—x)‘ , +azlnz —x
1/e

€

1
1.1 1
I:—<0—1—1n+>—|—e—e—(0—1)
e e e

2 2
I=1-241=2-2
e

x € [0,m)

5.4. 1
F(x) = arctan | — tan s
()= s wretan (o an )
I:F@){:FWJ—F@
I lim arctan taunf -0
=, N
T
I-—AAA
NG
5.5 1 —asint, dr—acostd, — Ol ¢
5. = asint, T = acostdt, T 0] /2

/2 /2
I = / a?sin®tva? — a?sin’t acostdt = a* / sin? ¢ cos? tdt
0 0



at w/2 at w/2
I= */ sin® 2tdt = 7/ (1 — cos 4t)dt
4 Jo 8 Jo
4 1 /2
1=% (t— - sinat
8 4 0
s
I=—a*
16"
5.6. © = 2sint, de':QCOStdt, z H 1 ‘ \/g
t | w/6 | /3

dt

/”/3 (8sin®t + 1)2cost

/6 4sin?ty/4 — 4sin®t

w/3 1 /3 dt
/6 4 m/6 S t

/3 1 V3 1(V3
w/6:‘2<2‘2>‘4<3‘\/§>

e 1 coS

I = —2cost

I=2vV3-1
V3

1
5.7. 2t =1t, 23dx = Zdt

1 4
0
t=4sinu
w/2 /2
I:4/ |cosu|ocosuu:4/ cos? udu
0 0

w/2 . m/2
I=2¢;"" (14 cos2u)du =2u+sin2u
0

I=m

5
5.8. I:/ xy/(r—2)%2 —4 dx
4

r—2=t, dr=dt

3
I:/(2+t)\/t2—4dt
2
3 3
I:2/ \/t2—4dt+/ V2 —4dt
2

2
1 31 .
1_2( \/t242lnt+\/t24|>‘ +§(t274)5/2
2

3

2 2

1:%\/5—41113*‘/5

2
B z | 0] x/2 2 1=
5.9. tan - =1, 1o R sinx = T cosx = 12

I_/l 1 2dt
0 Lt t e P




[—/1 2dt _/1 2dt (' dt
S 1212 fy 242t Jy 1+t
1
I:hﬂ1+ﬂ‘ = In?2
0
G _ g | ofw/2
5.10.LL72 t, dr = —dt, tHw/Q‘ 0

I—/O cos® ¢
x/2 sin t+cos3t

o= [
0

2
/ sm x—i—cos x

sind x + cos® ¢

cos® ¢

="
AT

sin®t + cos3t

I=nx/4
z || O|m
511. z=7n—1t, dxr = —dt, =10
/" sin xdx /" T sinx
I=x —
o l+cos?2z Jy 1+cos?x
I=n]—1I, 2[=nJ I:gJ
s d T
Jz—/ Ls?z—arctan(cosx) = —(arctan(—1) — arctan 1) =
o l4cosex
o
4
5.12. cosz =1
I—/W/B sin xdx _/\/E/2 dt
* Jaja (L—cos?z)cosPz  Jy  (1—12)83
1 1 1 1 1 +1+ 1
A=) 2 1—t 2 1+t t 3
1Y g V22 g V22 g V2 g
T
2 1/2 17t 2 1/2 1+t 1/2 t 1/2 t3
1 11 v2/2
I=—-I(®—1)+Int— - =
2 u(t* ~ 1)+ 2 t211/2
1
I 51n3+1
1 2dz z?
5.13. u—lnli—i, dv = zdx du:ﬁ, 1)2%
22 142 1/2 12 224y
I=—In ‘ — —
2 1—-zh o 1—a2
1 V2?2 141
szmg—/' oI
8 0 1—x2
1 /21 14+ /2
I=-In3 ‘ — 1
g ot 2“Lx 0
1 3
I=-— "3
2 8"




5.14. v = In® zdx, dv = 22dx, du= dT v = %
x
3 e 2 e 3 9
I:%lrﬁm 0—5/9 x21nxdx:%—§
dx 23

a3 x
-2 - c T
J=ghe] =3 3 3 o
e3 4 5
T=— - —e3=_¢3
3 27° T 7
1 1 ao+l-uz 1 de
5.15. u = arcsin L, dv = dx du = -l+ de: . ‘L7
r+1 [ 2 (.77+1)2 2\/5 x+1

x+1 :chl

3 2

d
= rarcsin ’ du = Jarcsin \/§ — L(\/f)
Vo +1 0 2fx+1) 4 Jo 14z

If3arcs1n77(\/57arctan\f)‘
PN B RN

3
xdx dz -1
u=1In(x+V1+22), dv TR u ﬁJrxz,v T
In(z + VIT ) / e, 1
I=— ‘ 1 Pdz = —>In(1+V2) + -
sira?) ot 2 O(+ z?) v =—7In( +V2) +
Ba J: x=tant, t €[0,7/4]
w/4 ) w/4 )
J = (1+tan2t)*5/zcos*2tdt:/ costdt:£
0 0 4
2 1
I:%—Zln(l—i—\@)

5.17. I, = / (a* —2*)" Y a® — 2¥)dx = d®I,,_1 — J
0

BaJ: w=uz, v(a* —2?)" Mz =dv du=dz, v=—5-(a®—2?)"
= 7%@12 —2?)" Z + % Oa(a2 —2?)"dx = %In
I, = a%l, , — %In, I, = 251 L
"= 2n23— (@I = 2an- 1 2(721(1z I)IJ)F 70 T2 = a%(zq(f-?!l!)!! 0
Iy = /Oadx =aqa, I,= a2"+1(2?(12j_)!1!)”

1 1
6.1. P:/ 1n(1—|—a;)dm+/ xe Tdx
0 0



1

P=(@x+1)nh(l4+z)—=z . +(—ze ™ —e7")

1

0

0.8

0.6

04

02—

In(1+x)
—xe*

6.2 y— " y=1,a2=0,
Y Va2 +2z+2 4

0
1
Pewere.P = / (1 — ) dz
1 Va2 + 2z 42

0 0
P:x‘ _/ _dz
-1 1Vzi 4+ 2r+1

0
le_/ dx
1 \/(1'4—1)2-’-1
0
P:l—ln(m+1+\/x2+2m+2)’ .

U +2x+2)"?

09—

0.8

0.7

06—

0.5

0.4

0.3

0.2

01

P=1-1In(1++2)~0.1186




6.3. y=0, z=a’
r=0, y=ad?

y=(a—Vx)?
P:/a (a® + z — 2a\/x)dx

x-2x"2 41

0.8

0.7

0.5

0.4-

0.3

02—

01

p=2
6

0
6.4. P, :/ 2V + ldx

4 0
P1 :§<$+1)3/2‘_1

3
Py /(\/:r—i—l—m—i—l)dm
0

_ 2 3/2 (x—l)Z 3
Py=(a+ 1) - 5o ‘

P:H+&:g

25

1

-1.5

-2

Hpyro peweme.



2 y3 y2 2
P=/ (y+1—y2+1)dy=—*+*+2y’
1 1 1
! _ o 12 — 2 =
65 fle)=a- . fw=ats L]
1\2
2 2 — _
1+ f%(x) 5T +162(x 433)
lJrf’Q(:E):eri
4x
3 2 ;
1 T 1 3
I = =) de=" 4 Jme
/1(x+4x>x 2—|-4nar;1
9 1 1 1
l= 4 -I3—-=44-1n3
prgme T T A,
6.6 f’(x)—i 1—|—f’2(x)—1+i
o a2 —1 N (22 —1)2
L 2 () = (sc2—1>2+4m2 _ @y
(22 — 1) (z2 — 1)
e+ 1 > dx 5 1 r—1]|5
= do = | do+2 - 2.1 ]
/2x2—1 v / T / 21 " 2+ 2nx+1‘ 2

l:3—|—ln§—ln§:3—|—ln2

6.7. v =cotz, 1+y?@)=1+cot’r=

l_/QTr/S dr _1/27r/3 dr
B /3 sinz 2 x/3 SIngcos3

27 /3 x 7r
l=/ wzln(tanf) e
/3 tan 5 2

sin® x

/3

lzln\/é—lni:mﬁﬂn\@:lm
V3

2x 2x 2
’ € 2 (e** +1)
6.8. y — T 1+9y~ = 7(6230 — 1)2

2 2z e? 12
1 241
1:/ ‘fgidx:/ AL
S JTCe—
e? 2 2
1 11 2 — 1| e
I = =1
/e (t—1+t+1 t) T L.

l=—1+1In(e* +1)

6.9. y =2
V2 V2

l:/ \/1+x2dx=2/ V14 22de =2
_\/5 0

V2
21In(z + 1+x2)‘0 +2J

Y ltat da;l—2/\/§< L= )dx—
o V14 a2 0 VI+22 V1422




xdx
BaJ:u=uz, dv = ——, v=+V1+ 22
V1+a?

V) V2
2J:2x\/1+x2‘0 —2/ V1t a?de=2vV6—1
0

I=2In(v2+V3) +2V6 -1
I=In(v2+v3)+6

46 26
6.10. y’_:”;_‘/;S, \/1+y’2—\@~%

_[PV2 d(@® - 48) . 8 dx
l_/7 2 ¢:c2—48+ﬁ2¢6/7 V22— (4V3)2

2 8 8
lz%-Q\/x2—48’7+2\/121n(m+ \/x2—48)‘7

l=3\/§+4\/§1n%

6.11. 22 = 942 cos* tsin®¢t, y"? = 9a%sin* t cos®t
2 + y'? = 9a” cos® tsin” t(cos? t + sin® t)

2% +y'? = 9a” cos? tsin? t

w/2 /2
=4 3a/ costsint dt = 12a/ sin td(sint)
0 0

/2
= 6a

| = 6a sin®t

0

0.8

0.6

0.4

0.2

3awwto He moxe:

27T -
. 3a . o %7
[ =3a / costsint dt = = sin®t =07
Jo 2 0



6.12. 2/ = a(l —cost), ¢ =asint
z'? +y'? = a®(1 + cos® t — 2 cos +sin’ 1)

t
22+ y’2 — 2a2(1 —cost) = 4a? sin® 3

2 t t o
l:/ 2asindt:2a(—cos)-2

0 2 2 0

O |
0 5 20
l=4a(1+1)=28a
6.13 x’(t)=—2\/§L y(t)=v1—1t2— r
12 V1—t2

n o (282+1)2 s 2741
oty =i g ety = 5

1 942

2t° +1 1 3
I = dt = ~21 + 3arcsint | =20+ >

0o V1—1t2 0 2

1 /2
I:/ \/1—t2dt:/ cos® udu

0 0

/2 2 1o=/2 1 /2
I:/O wdu:?; . —&—ZsinQu :%

3
l:—2-g+§7r:7r
@ o[ 2 5\ |a 4

6.14. V, = w/_a yide = %/_G(GQ —2%)dr = W—Q <a x— % = gwabQ



b 2 b 2 3 b 4
o 2 _7ra 2 2 _71'(1 2 Yy o 2
Vy*”[bx dyibT_/_b(b —y)dy—b2<b y3> lib—gﬂab

Baa=b=R VngRB

1
6.15. V, = 7r/ arcsin? ydy = nl
0

d
3al: w=arcsin’y, dv=dy, du=2arcsiny - 1y =
)
1 1 d 2
I:yarcsiny‘ —2/ arcsiny~&:ﬂ——2,]
0 0 1—92 4
. ydy dy
3aJ: wu=arcsiny, dv= du = , v=—y/1—192
’ /17y2’ /1= 2

1 1 d
J:—\/l—yQarcsiny‘ —|—/ \/l—yQ-%zl
0 0 -y

2

I=—-2

4 )
Hpyro pewerse.
arcsiny = t, y = sint, dy = costdt

/2
1= / 2 cos tdt
0

Tpehe pewere.

V, = z(71'278)

W~

™

Vy = (§>27T'1—Vy*

/2
Vy* = 27r/ T - sinxdr = 27
0

2

e
6.16. V, = 221e? — 7r/ In? ydy
1

Vy = 27T(62 +1)

6.17. Vo, =Vi — Vo, Vi=r?rH =2%1-2
2

2
‘/2:71'/ Q.Tidl‘:ﬂ'J?z‘ =47
0 0

Ve, =8r—4n =4n

6.18. V, =V, +V;

V1=7T/ dexzw/ 22dr = =7
0 0 3

3
1 2

Ve=m

6.19. 2z — a2’ =y, 2> — 20 +y =0, Tipp=1x+/1-y
V,=Vi—Vj



1
1
V1:7T/ (14T 9 dy = im
0

8
Vyzgﬂ'

Hpyro pelerse.

? ? 2 x? 2 8
Vy = 27r/ (2 — 2%)dr = 27r/ (22 — 23)dx = 27 (x3 — ) ‘ =37
0 0

2
6.20. V, = 7r/ (22 — 2%)?dx
0

2
V, = 7r/ (4a* — 423 + 2*)dx
0

16

vV, = —
15"

r/2
6.21. V = 27r/ (r? — (z —r)?)dzx
0

5 3
V—Eﬂ'
4 y4
6.22. Vyzﬂ'/o (y—64>dy
24
Vyzgﬂ'

6.23. ¢y =322, y?=92"

1
pmzzﬂ/ V1 F 92 da
0

2 1
Po=2 [ (14 92M12d(1 + 92%)
36 J,
T 2 1
szf'*l 943/2‘
g5 39T

P, = 217 (103/2 _ 1)

1
6.24. y’:2x—8—x, 1+y?=1=42%+

e 1 1
PI:QW/ <x2nx> <2x+) dx
e 8 8z

¢ 1 11
Pa::27T/ <2m3+$—mlnx—m) dz
Ve 8 4 64 x

L1y LY
6422 2 \“" " gs

2

2
/mlnxdw = %lnx— %

P, =77




1
6.25. V=V, — Vo = / m(x —xt)de = —n
; 10

P, =P + P
BaPr: z=y’ y=o, ¥ =5,

1 1
1

P1:27r/ Vv 1+4—d33:7r/ Vi + 1dx
T 0

P = 6(43:4—1)3/2‘ - (5\/5—1)

Ba Py: y=2a2 y =2

9 1
P2—27r/ 21+ 42 de = - = 1\6f - 5572+ V5)
,ﬂo,anaK—I:/ 22/ 1 + 422 dz
0
1
u=uz, dv=x\1+42%2dx, du=dz, U:E(1+4x2)3/2
I:£(1+4x2)3/2’1 1/(1+4x )32 dx
12 o 12
I:—\/g——/ 1+ 42?)\/1 + 422 do = \/5——/ \/1+4x2da§——l
I:I%\/E—TGJ, J:/ V1 4+ 422 dx
0

4xd
=V1+422, dv = dx, duzﬂ, v=2x

V1+ 4?2
—x\/1+4x2‘ —4/ m—\[—J+%ln(2m+\/l+4x2)
V5 L 9
J=->+7h In(2++v5), I= 16\/5——1n(2+\[)

6.26. v =sinz, 1+ f?=14cos’z

P= 27r/ sinzy/ 1+ cos?x do = —271'/ V' 1+ cos? zd(cos x)
0 0
1 1
cosx =t, P:f27r/ \/1+t2dt:2ﬂ'/ V1+t2dt
—1 0
1 1
P:47T/ V1+t2dt =4rl, IZ/ V142 dt
0 0

1

1+t2 /1 dt tdt
I= dt = ———+4J,3aJ: u=t, dv=
V1 +t2 0o V1+1t2 V142

1 2

£2dt 1

J— [ X% _y 1+t2‘ —I, 2l=In(1+v2)+Vv2
0o V1+1t2 \/70 ( )

P = 4xl = 2xIn(1 + V2) + 2v271 = n(In(3 + 2v2) + 2v/2)

1 1
d
8.1.I:/x2dx-/ y2
0 o 1+y

31 1
I=— ‘ -arctany ‘ dy
3 1o 0



_ /04 [gg?)(x _a/2) + i(x‘l — 24 /64)| do

47

y=z

y=x/2

4
= — d
6 f, ©
™
5
1 pt
8.3.1:/ [/ dy}dx
o LJo (@+y+1)?
1
_1 1
g
o lxe+y+1lo
1
-1 1
I = d.
/0 L+2+x—|—1] v
1 z+1
~1 2) +1 1‘ —1 ]
Bz +2)+ e +1) 0 n$+2 0
4
I=In-
'3

2 V2zx
8.4. I:/ / (x+y)dy| dx
0 z2/2

2 V2z 2 y? | V2o
[/:c(y )d;l:Jr/ ( >dx
0 IZ/Q 0 2 12/2
2 1
:/ <x\/ x) d:ch/ <xm4) dx
0 0 4

8
5

I =

8.5. Hajupe mo z, ma mo y!

1= /13 [/y:<x2+y2>d4 dy = /ff(y)dy

Y x° Y y
=/ (w2+y2)dﬂc=f} +y2-x‘
y—1 3 y—1 y—1

w



1—y2
CUQ 1—y2
-5
W =51
1
Iy) = 5=y = S0+ 1=y =21 -p?) = = + V1’
1 V3/2
I:*g/ (y —2yV/1—y?)dy
0
=2
48
1 J1—23
8.7 I—/ 22 I(z)de, I(J:)—/ y*\/1 — a3 —y3dy
0 0
1 2 1—x3
I@) = 5 - 31 —a® —y")2 |
2 313/2
Iz) = <(1- %)
2 [t 2 1 [t
sz/ x2(1—x3)3/2dx:f~f/ (1—2%)%2d(1 — %)
9 /s 9 3/,
4
135
2 > 42 _ 2 cD
8.8. |y—m2|: y2 z=, yfo — y2 x, (xay) 1
¢ -y, y<zw z‘ -y, (x,y) €Dy

Iz/ fmwm@+/ e, y)dedy = T + I
Dy Dy

\/T/2 g \/ /2
5L :/ mdw/ Sin(y—mQ)dy:/ z(cosz? + 1)dx
x

2

xz ‘ N T/2
2 1o

1
IlzisinxQJr— =

0

0

1+7r
2 4

\/T/2 z? /2
I, = / xdx/ sin(z? — y)dy = / z(1 — cos z?)dx
0

0

I 2 1, 2‘\/772 T 1
= — — —sin = -
2T T 12
1 = =« 1 T
I=hH+Lh=-4+—4+——=-=—
1+ 12 2—|—4—|-4 5 2

U+ v U—v

89. z4+y=u, z—y=v, == B y Y= B

z+y=1—-u=1, z+y=3—-u=3,

20 —y=2—u+3v =4,

2 —y=—-1—u+3v=-2

G:u=1, u=3, u+3v=-2, u+3v=4

J= 1/2 —1/2

/2 1/2 ’



3 (4—u)/3 1 13 [o2|@-u/3
I:/du/ uv|J|dv:/u[‘ ]du
1 —(u+2)/3 2 2 | —(u+2)/3
=4
9

Hpyro pewerse.

r+y=u, 2x—y=v, x= ,

uell3g], ve[-1,2]

3 2
1
I:/1 du/_lg(%—u)-gdv
14

I=——
9
U+ v V—U 1
810. u=2—y, v= - - J— -
u 'r /y7/U x+y’ 'r 2 7y 2 ) 2
G:v=1, u=v, u=—v

1 1 v
I = 7/ dv/ cosgdu
2 Jo —w v
1/t v
I = f/ (Usin E)
2 Jo v

8.11.g:u, Ty=v, xT= B,y:\/uv, (u,v) € [, B8] x [0,d]
x u
D(u,v) |-y/a® 1/z|_ 'y D@y 1 x 1
D(z,y) Yy x ' D(wv) 2y  2u
1 [Pdu [
I=- —u/ sin —dv
2/, u Jo a
1 a
[:,mé —gcos@ }:glné
2 al 7 a lo T o«

8.12. z =pcosp, y=psing, pe[0,1], ¢ € [0,7/2]

/2 1 1 /2 3
// \/a2—x2—y2dxdy:/ dg@/ \/a2—p2pdp:fa3/ d(p:a—w
D 0 0 3 0 6

8.13. x =pcosp, y=psinp, J=p
G =10,27] x [n/3, 7]

27 T

I:/ d(p/ sin pdp
0 /3

1

™

=27 - (—cosyp)

/3

I =3nr




2m
8.14. I:/ d(p/ (1 —2pcosp — 3psinp)pdp
0 0

27 P2 2 R
[:/ dy <—p3cos<p—p3singp> ‘
0 2 3 0

R2
I= 5 —(3p —4Rsinp + 6R cos gp)

= R?

27

8.15. © =pcosp, y=psing, pé€0,7/4], ¢ € [4cosy,8cos ]

d d 71'/4 SCOSgad
I:// pdpdy d@/ 4
4 3

4 cos P

1 8 cos /4 1 1
o A e )
2 dcosp 0 64cos2¢  16cos? o

jo (L _ 1 /”/4 dy

 2\64 16 cos?
gL =4 ‘”/4 3
T2 e Y 128

8.16. p € [0,Rcosyp], ¢ € [0,7/2]

/2 Rcos ¢ 1
I:/ de \/R2—p2pdp:—§/
0 0 0

/2
I= —f/ <\/(R2 — R%cos? )3 — R3> dy
3.Jo

/2 Rcos ¢

doy/ (R? — p?)? }0

3 pm/2 3
[:,R? (Sin3<p71)dgaffR—J
0

w/2

/2 2
J:/ ((1—cos2<p)sin<p—1)dg0:—cos<p+§cos - =—
0

L
2 3

8.17. pe[1,3], ¢ € [7/6,7/3], % = tany, arctan% =g

/3 3
I=/ wdwf pdp
w/6 1

2 7/3
=22

2 Ix6 2 11
-

6

8.18. z =apcosh, y=bpsinf
pe(L,2], 0€[0,m/2], J=abp

/2 2
I:ab/ d@/ 4 — p? pdp
0 1
1  [? 9
I:f§~ab~§ V4 —p2d(4—p*)
1



I = ?abﬂ

9.1. V://zdacdy7 D={(z,y) : x>0, y>0, y<3—uzx}
D

3 3—y 3
V= / dy / (42* +2y* + 1)dz = / I(y)dy
0 0 0

v 4 r=3—y
I(y) = / (42” +2y° + 1)dz = [3x3 +2zy° + x] .
0 .
4
= 36—y’ 26—y’ +B-y)

10
= 39 —37y+ 18y — gy?’

N 2 103
Vo= 80— 8Ty + 18y — - ) dy
0
_ 37 o 3 10 4] 2
- [39y ¥ T 12yMo
45

9.2. V:// xydxdy, x=1+4+pcosp, y=1+psing, pe0,1], J=p
D

27 1
VvV = / / p(1+4 pcosp)(1 + psinp)dpdyp
o Jo

2m 1 2m 1
/ / pdpdyp + / / p%(sin ¢ + cos @ + psin o cos p)dpdyp
o Jo o Jo

27 1
/ dyp- / pdp
0 0
™

27 27 27
/ sin pdp = / cos pdp = / sin ¢ cos pdp = 0.
0 0 0

jep je

9.3. V://zdxdy, D={(z,y) : 2>0,y>0, y <a®—2°}
D

a va?—xz? a
V= / dw/ (a® — 2*)dy = / (a® — 21 (z)dx
0 0 0

N
dy:y‘ =+/a? — 22

0

I(x):/m

0
a a . 1'
V:/ (azfxz)\/azfﬂdz:/ (az—x2)3/2dx:a3~—3~zzia47r
0 0 :

(Bumern 36upka, 3a1.83 (2), crp.87)




9.4. V:// zdzxdy,
D

xr=pcosy, y=psinp, Ki :

//D(x + 2y)dzdy

/4 2sin @
= / (cosp + 2sin)de / prdp + /
0 0 ™

D={(z,y) :

z? +y? =2z, p=2cosy,

? +y? <2a, 2®+y* <2y} =D UD;

Ky @ 2?4y =2y, p=2singp

2cos p
(cosp + 2sinp)dy / p2dp
0

9.5. V=V-1,

V= // 2(z? + yHdxdy, Vi = // (z% 4 y?)dxdy

D=A{(z,y) | 0<x<], 2 <y<

Va}

e iy [ ae [

V=
35

9.6. z=1+pcosy, y=psing

™ 1
Vz/ dcp/ (24 2pcosp + psing)pdp
0 0

T 2 1
V:/O <1+3cos<p+3sinap> =

Hpyro peweme.
T =pcosy, y=psing

[SSE )

2cos ¢
/ d(p/ (2 cos @ + sin ) pdp

g [ .
= —/ cos* pdp — f/ cos® pd(cos p) =

9.7. x=14pcosp, y=p

/A

x-i-y

2m
/ d(p/( +p cosnp—Fp

2 4

PP cosp 4 p

v=[ d L
/0 ‘P<4+ 3 713

27
3 cosp 3
V= = do= |-
/0 (8+ 3 ) v (S(p

Hpyro peweme.

x=pceosy, y=psing, p€[0,2cos¢], ¢ € [-7/2,7/2]

2 cos ¢ 3 /2
V= dcp/ —dgp = 2/
—7/2 —m/2

sing, p€0,1], ¢ € [0,27]

oy
),

cos? pdyp

27 : 2
(1
dady —/ / +pCOW T (psing) - pdp



7|'/2 1 2 2
sz/' (+wsw>d¢
,77/2 2
V_ (3(p+sin2tp+sin4gp> ™/2 _§ﬂ_

—7/2 B 4

8 4 32

1
9.8. P:// dzdy, D:{(x,y) : a(a:—a)QSyS a2—x2}
D

m
P = /dm/
0 (z 2/a
2 1 a a
= aw—{/ 2dm—2a/ ;vdx+a2/ dm}
4 a [Jo 0 0
a’ 1 23 a NE a
R PR P I
2
a
= — —4
12(371' )

a 2
3a / Va2 —12= azw Buneru: 36upka, 3a1.58, cTp.86.
0

9.9. D={(z,y) : ¢/2<y<a, a—y <z <Va%—y?}
a /a2_y2
/ I(y)dy, I(y)=/ dr=+/a? —y*> —a+y

a/2 —y

Kako je
2
P:/\/GQ*IQdI: %arcsin£+g\/a27m2+0
a

(Bumetm 36wmpka, 3a1.76, ¢Tp.76), TO je

P = / \/a2—y2dy—a/ +/ ydy
/2 a/2 a/2

2 2 a
= %arcmng /Q—a(a—a/2)+%’a/2
a/m 0w 2 a®> a® a?
- 555545
a? a?
(V. |
e 8(\[+ )

9.10. D =D; UDs,,

Dy ={(z,y) : 0<2<a/2, 2°/a<y<2a}, Dy={(z,9) : a/2<z<a,

a:z/a <y< a2/a:}

a/2 2a a a?/x 23
P:/ dx/ dy+/ d:c/ dy=---=-—-a?>+a’In2
0 z2/a a/2 z2/a 24
b2 b
9.11. Us y + 2+ cneﬂnx:%, yZ:I:\/%
2 4 2 2 2
_2//d$dy7 O<y<\/>b x1<x<;p2} xlzy;;) ,x2:y2+a
a

B Y+ P +a? 2
72/ / dx = 2/ < 5 50 dy = fg(a b)Vab



9.12. z=pcosy, y=psing
Ky : (x—a)?+y?>=d? 2> —2ax+y* =0, 2° +9° = 2az, r> = 2arcosy, r = 2acosp

Ky @ 2?2+ (y—a)®>=d? 2% —2ay+y*> =0, 22 +y* = 2ay, r* = 2arsing, r = 2asinep

w/4 2a sin ¢ /2 2a cos ¢
P = / dgp/ pdp+/ dcp/ pdp
0 0 7/4 0
2

/4 7/
= 2a2/ sin? pdy + 24> // cos? @dyp
0 /4

9.13. D= {(x,y) : 2*+y* > ax, 2*+y*> <2ax}, x=pcosyp, y=psing, p € [acosy,2acos ]

w/2 2a cos ¢
P = 2/ dga/ pdp
0 a cos ¢

/2 s
_ // p2 2a cos ¢
0 acos @
/2
= 3a2/ cos? pdyp
0
/2
_ 3a2// 1+cos2<pd<p
0 2
3
= 1@277
9.14. x =pcosyp, y=psinp, J=p
G:—Z<p<l 0<p<2cosy
4 4
P(D):// dxdy:// pdpdp
D g
T p2 2cos ¢
4 2 1o

/4 2cos @
P(D):2/O d<p/0 pdp=2-
/4

P(D):4/ COSQQOng:g—l—l
0

D

_r. Y _r_Y

v= +b’ v a b
9 ab



ab 1 ab
PP =5 510

9.16. 2, =2z, =z, =2y, 1—|—z'2—|—z'2 1+ 422 + 492

P:// V14422 + 4y? dxdy
D

T =pcosp, y=psing, J=p, 1+42% +49y° =1+ 4p°
2 1

P:/ d(p/ 1+ 4p2pdp
0 0

pP= %(53/2 —1)

9.17. z:\/aQ—mQ—yQ, D: (z—a/2)?+y>=a%/4
S = S = —Y

® /a2 —x2—y v a? — 22 — 2
dxd
—2// 1+z’2+z’2dxdy72// i
/&2_$2_y2

T =pcosy, y=psing
G: p=acosy, pc0,7/2]

w/2 pacose d
Y L a1

V=

P =2a? /0 (1 —sinp)dp = (7 — 2)a?

9.18. z=+/22+9y2, D : 22 +9y?> < 2ax, D : (v —a)?+y? < a?

x
Pl — - - , 1—}—2;2—1—2;2:\/5

/2 +y27 y /2 + 2
P = 2/ V2dady
D
/2 2a cos ¢
= 2V2 dgp/ pdp
—m/2 0

71'/2 1
= 4\/5/ fpz
0 2

/2
= 2\/5/ 4a? cos? pdyp
0

2a cos @

do

w/2
= 4a2\@/ (1 + cos2p)dp
0
1
= 4V24? ((p + —sin 2<p>

2
= 2V2a%n.

/2




